
TRANSACTIONS OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 317, Number I, January 1990 

TOPOLOGICAL SPACES WHOSE BAIRE MEASURE 
ADMITS A REGULAR BOREL EXTENSION 

HARUTO OHTA AND KEN-ICHI TAMANO 
Dedicated to Professor Yukihiro Kodama on his 60th birthday 

ABSTRACT. A completely regular, Hausdorff space X is called a Marik space 
if every Baire measure on X· admits an extension to a regular Borel measure. 
We answer the questions about Marik spaces asked by Wheeler [29] and study 
their topological properties. In particular, we give examples of the following 
spaces: A locally compact, measure compact space which is not weakly Baire-
dominated; i.e., it has a sequence Fn L 0 of regular closed sets such that 
nnEw Bn # 0 whenever Bn 's are Baire sets with Fn C Bn ; a countably para-
compact, non-Marik space; a locally compact, non-Marik space X such that 
the absolute E(X) is a Marik space; and a locally compact, Marik space X 
for which E(X) is not. It is also proved that Michael's product space is not 
weakly Baire-dominated. 

1. INTRODUCTION 

All spaces are assumed to be completely regular, Hausdorff spaces. Unless 
otherwise specified, measures are finite, nonnegative, a-additive measures. A 
Baire (Borel) measure on a space X is a measure defined on the a-algebra 
Ba(X) of Baire sets (Bo(X) of Borel sets) of X. A (finitely additive) measure 
J.l defined on an algebra .s;:f containing all closed sets is called regular if for 
each A E.s;:f , J.l(A) = sup{J.l(F): F c A, F is closed}. In [29, §9], Wheeler 
fully reviewed a number of interesting topics relating to the problem of when 
a Baire measure can be extended to a regular Borel measure. In particular, he 
defined a space X to be a MarIk space if every Baire measure on X admits an 
extension to a regular Borel measure, and asked several questions thereupon. 

This paper falls into two parts. In the first part, §§2 and 3, we answer some 
of his questions. In the second part, §4, we study how Marik spaces are pre-
served under various topological operations. Before stating his questions, we 
recall some definitions and show which spaces are Marik spaces. A countably 
paracompact space is a space each of whose countable, open covers has a locally 
finite, open refinement. A space X is said to be (weakly) cozero-dominated 
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if for each decreasing sequence {Fn} nEw of (regular) closed sets in X with 
nnEw Fn = 0 (we write this situation symbolically as Fn 1 0), there exists a 
sequence {Un} nEw of cozero-sets in X such that Fn C Un for each n E OJ 

and Un 1 0. Here, a regular closed set is a set that is the closure of its interior. 
If cozero-sets are relaxed to Baire sets, then X is said to be (weakly) Baire-
dominated. A Baire measure p on a space is called '"(-additive if, whenever a 
net {ZcJaEA of zero-sets decreases to a zero-set Z, p(Z) = inf{p(Za): Q; E A}. 
A space X is called measure compact, abbreviated as Me, if every Baire mea-
sure on X is '"(-additive (cf. [29, §8]). The relationship of these spaces to a 
Mafik space is summarized as the following: 

( 1) normal and (2) countably compact 
countably paracompact 

\. / 
(3) cozero-dominated 

1 
(4) Baire-dominated (5) Me 

(6) weakly / \. / 
Baire-dominated (7) Marik 

The implication (1) -+ (3) follows from [6, 5.2.2]. (2) -+ (3) -+ (4) -+ (6) 
are obvious. (1) -+ (7) is a classical result of Marik [18] and is the origin of 
the name of a Marik space. (3) -+ (7) was proved by Bachman-Sultan [4], and 
(4) -+ (7) is a recent result of Adamski [2]. (5) -+ (7) is due to Knowles [15]. 

Wheeler's questions which we now answer are the following; in his papers 
[28] and [29], the symbol (*), (( **» was used to denote the property of being 
(weakly) cozero-dominated. 

A [29, Problem 8.12]. Is there a locally compact, Me space which is not 
paracompact? 

B [28, Q6]; [29, Problem 9.10]. Is there an Me space which is not (weakly) 
cozero-dominated? 

C [28, p. 95]. Is Michael's product space (see §2 below) cozero-dominated 
or weakly cozero-dominated? 

D [28, Q5]; [29, Problem 9.15]. Is every countably paracompact space a 
Marik space? 

A perfect map is a closed, continuous map such that the inverse image of 
each point is compact. A perfect map is called irreducible if it carries a proper 
closed subset to a proper subset. A space is called extremally disconnected if the 
closure of every open set is open. Each space X is known to be the image of a 
unique extremally disconnected space E(X) , called the absolute of X, under 
a perfect irreducible map. For details, see [31]. 

E [28, Q7]. Is it true that X is a Marik space if and only if E(X) is a Marik 
space? 

The answers to A and B are positive, and the answers to e, D, and E are 
negative. 
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From now on, IAI denotes the cardinality of a set A. As usual, a cardinal is 
the initial ordinal and an ordinal is the set of smaller ordinals. When viewed as 
a topological space, a set of ordinals has the order topology. Let OJ (OJ I) denote 
the first infinite (uncountable) ordinal, and let c = 2w • If Q; is a cardinal, then 
the inequality Q; < mr means that Q; is not real-valued measurable. For a space 
X, Z(X) (Coz(X» is the set of all zero-(cozero-)sets of X, C(X) is the 
set of all real-valued, continuous functions on X, and C* (X) is the set of all 
bounded functions in C(X). A zero-set of the form f-I(O) , where f E C(X), 
is denoted by Z (f). The letter N is used for the set of natural numbers. 

Our terminology and notation follow [6] and [13]. For recent surveys of 
Baire measures and of Borel measures, the reader is referred to [29] and [10], 
respectively. 

2. MC SPACES WHICH ARE NOT BAIRE-DOMINATED 

In this section, we give three examples of MC spaces which are not Baire-
dominated. They have different features; the first one is locally compact and 
needs no set theoretic axioms beyond ZFC unlike others; the second one is 
Michael's product space, which is first countable and submetrizable; and the 
last one is weakly cozero-dominated. Before proceeding to examples, we show 
that a nonnormal space yields a space which is not weakly Baire-dominated. 
Recall that a subspace S of a space X is C-embedded in X if every f E C(S) 
can be extended continuously over X. 

Theorem 2.1. For each nonnormal space X, there exists a space Y which is not 
weakly Baire-dominated and which is the countable union of closed, C -embedded 
copies of X. Moreover, if X is locally compact, then so is Y. 

~ <: 3 
~ 

21 
~ 

cp 
I </ 11 

~ 
K(O) '--------01 

K L L(O) 

X x w y 

FIGURE 1 

Proof. Let X be a non normal space. Then there exists a pair K, L of disjoint 
closed sets for which every zero-set containing K meets L. In fact, take disjoint 
closed sets K' and L' which can not be separated by disjoint open sets; then, 
if there is Z E Z(X) such that K' c Z and Z n L' = 0, then the pair L', Z 
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is a desired one. Define Y to be the quotient space obtained from the product 
X x w by identifying points (k, 2n) with (k, 2n + 1) for each k E K and 
nEW, and points (l, 2n + 1) with (l, 2n + 2) for each I ELand nEw. Let 
¢ : X x W --+ Y be the quotient map. For each nEw and each A eX, let 
A(n) = ¢(A x {n}) (see Figure 1). Then Y = U nEw X(n), and each X(n) is 
closed, C -embedded in Y, and homeomorphic to X. To prove that Y is not 
weakly Baire-dominated, let sr = {Z n L : K c Z E Z (X)}. Then sr is a filter 
base closed under countable intersections. For each nEW and each BeY, 
let B(n) = p;;1 (B n L(n)), where Pn is an embedding from X onto X(n). As 
usual, S6.T = (S - T) u (T - S). 

Claim 1. For each BE Ba(Y) and each 0 < n < w, there exists FE sr such 
that (B(O)6.B(n)) n F = 0. 

Proof. Since B(O)6.B(n) c Ui<n(B(i)6.B(i + 1)), it suffices to prove that for 
each i < n, there exists FE sr such that (B(i)6.B(i + 1)) n F = 0. In case i 
is odd, B (i) 6.B (i + 1) = 0 , so we prove only the case i = 0 ; other even cases 
are similar. Since 

:? = {S c Y: (S(O)6.S(l)) n F = 0 for some F E sr} 
is a a-algebra, it is sufficient to show that Z(Y) c :? To do this, let Z = 
Z(f) E Z(Y). Define 1; = fOPi for i = 0, 1. Since folK = .l;IK, 

K c Z (fo - .1;) . 
Thus, if we set F = Z(fo -.I;) n L, then F E sr. Since (Z(fo)6.Z(.I;))n 
Z(fo -.I;) = 0 and Z(i) = Z(1;) n L, (Z(O)6.Z(I)) n F = 0, and hence 
ZE:? 0 

Claim 2. The space Y is not weakly Baire-dominated. 

Proof. For each nEW, let D n = U i>n X (i). Then D n is regular closed in Y 
and Dn 1 0. Assume that there exist Bn E Ba(Y) such that Dn c Bn and 
B n 1 0. For each nEw, by Claim 1, there exists Fn E sr such that 

(Bn(O)6.Bn(n + 1))nFn =0. 

Since L(n + 1) c Dn c Bn , Bn(n + 1) = L, so Fn c Bn(O) , and hence 
Fn(O) c Bn n L(O). Consequently, nnEw Bn :J nnEw Fn(O) =I- 0, which is a 
contradiction. 0 

Finally, assume that X is locally compact. Since ¢ is a perfect map, it 
follows from [6, 3.7.21] that Y is then locally compact. Hence the proof is 
complete. 0 

The following theorem due to Okada-Okazaki [22] shows that, in Theorem 
2.1, if X is MC, then so is Y. A subspace S of a space X is said to be 
Baire-embedded in X if for each B E Ba(S) , there exists A E Ba(X) with 
B = A nS. Every C-embedded subspace is Baire-embedded (cf. [5, 8.7]). 
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Okada-Okazaki's theorem. If X = UnEw Xn , and if each Xn is Me and is 
Baire-embedded in X, then X is Me. 
Remark 2.2. If there exists a nonparacompact MC space X, then there exists 
a nonnormal MC space. Consider the product of X with its Stone-tech com-
pactification pX. By [20, Theorem 5.3], X x PX is MC, while it follows from 
[6, 5.1.38] that it is not normal. 

The preceding theorems and remark show that a positive answer to the ques-
tion A answers B positively. Thus the following example provides answers to 
both of the questions. 
Example 2.3. There exists a locally compact, nonnormal, MC space x. 
Proof. Let D be a discrete space of cardinality w,. Consider the product 
PD x (w + 1) and its subspace 

X = (PD x (w + 1)) - ((PD - D) x {w}). 

Clearly X is locally compact. If we set K = (PD - D) x wand L = D x {w} , 
then K and L are disjoint closed in X but cannot be separated by disjoint 
open sets, and hence X is not normal. Define T = D x (w+ 1) ; then X = TuK . 
It is easily checked that T is MC and is Baire-embedded in X. On the other 
hand, being a-compact, K is also MC and is Baire-embedded in X by [5, 
9.11]. Hence it follows from Okada-Okazaki's theorem that X is Me. 0 

Remarks 2.4. The space X defined above itself is cozero-dominated. To see 
this, let {Fn} nEw be a sequence of closed sets in X such that Fn 1 0. Since 
each PD x {m}, mEw, is compact, we may assume that Fnn(pDx {m}) = 0 
if m :5 n. For each nEw, define 

Gn = Fn U ( U (PD x {m})) . 
n<m<w 

Then Gn E Coz(X) , Fn C Gn , and Gn 1 0. The construction of X was 
inspired by the argument used by Kato in the proof of his theorem [14, Theorem 
I]. 

The second example is Michael's product space M x P. The letters R, Q, 
and P are used to denote the real numbers, rational numbers, and irrational 
numbers, respectively, and, unless otherwise stated, are assumed to have the 
usual topologies inherited from R. The Michael line M is the set R topol-
ogized by isolating the points of P and leaving the points of Q with their 
usual neighborhoods. As was proved by Michael (cf. [6, 5.1.32]), M x P is not 
normal. On the other hand, Moran proved in [20] that M x P is MC when 
c < mr • Therefore, by Theorem 2.1, we can make from M x P an MC space 
which is not weakly Baire-dominated. Here, in response to the question C, we 
prove the following theorem: 
Theorem 2.5. Michael's product space M x P is not weakly Baire-dominated. 

The proof is rather difficult and requires the following two theorems, which 
may be of some interest in their own right. For a space X, let ~ (X) (~(X)) 
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denote the family of all subsets of first (second) category in X, and define 
~(X) to be the family of all subsets A of X satisfying that every nonempty 
open set U in X contains a nonempty open subset V such that V n A or 
V - A is in ~ (X). When no confusion can arise, we shall write ~ instead of 
~(X), i = 0,1,2. 

Theorem 2.6. If X is a hereditarily LindelOf space, then ~(X) is a a-algebra. 
Proof. Since V n (X - A) = V - A and V - (X - A) = V n A, A E ~ 
implies X - A E ~. To complete the proof, suppose that {An} nEw C ~ is 
given, and let A = UnEw An' To show that A E ~, fix any nonempty open 
set U in X. We have to prove that there exists a nonempty open set V C U 
such that V n A E ~ or V - A E ~. If there exists a nonempty open set 
V C U such that V - An E ~ for some n E ()), then V - A E ~ since 
V - A c V - An' So suppose that for each n E ()) and each non empty open 
set V C U, V - An E ~. Then, since An E ~, each non empty open set 
V C U has a non empty open subset W such that W n An E ~. For each 
n E ()) , define ~ to be the family of all nonempty open sets W C U such that 
W nAn E ~ , and let Wn = U{W : W E ~}. Then Wn is dense in U, and 
hence U - Wn E ~ . On the other hand, X being hereditarily LindelOf, there 
exists a countable subfamily {Wni}iEW of ~ with Wn = UiEW Wni . Since 
each Wni n An is in ~, Wn nAn = UiEw(Wni nAn) E ~. Thus Un An is 
contained in the union of two sets U - Wn and WnnAn in ~ ,so UnAn E ~ . 
Consequently, UnA = UnEw(U nAn) E ~ , which completes the proof. 0 

For each A C M x P, define A1:; = {x E P: (x ,x) E A}. 

Theorem 2.7. If B E Ba(M x P) , then B 1:; E ~(P) . 

Proof. By the preceding theorem ~(P) is a a-algebra. Since {B1:;: B E 
Ba(M x P)} is a a-algebra generated by a family Jf' = {G 1:; : G E Coz(M x P)} , 
it suffices to prove that Jf' c ~(P). Suppose not, and let G 1:; E Jf' -~(P) . Then 
there exists a nonempty open set U of P such that for each non empty open set 
V C U, V n G 1:; E ~ and V - G 1:; E ~. Since G is a cozero-set, there exists 
an increasing sequence {Gi } iEw c Coz(M x P) such that clMxpGi c Gi+1 ' 

i E ()), and G = UiEW G;. For each i ,j E ()), define 

Aij = {x E Un G1:;: {x} x Bj(x) c G), 

where Bj(x) = {y E P: Ix-YI < I/2j }. If x E UnG1:;' then, since (x ,x) E G, 
{x} x Bj(x) c Gi for some i ,j E ()), so x E Aij · Hence UnG1:; = Ui,jEWAij' 
By the hypothesis of U, U n G 1:; E ~, so there exist k, I E ()) such that 
Akl E ~. Therefore, there exists a nonempty open set V C U such that 

( I) V n Akl is dense in V. 

Fix such k, I, V, and define 

Bm = {x E V - G1:; : ({x} x Bm(x)) n Gk+1 = 0} 
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for each mEW. If x E V - G6,' then, since (x ,x) tt G, ({x} x Brn(X)) n 
Gk+! = 0 for some mEw, so X E Brn. Hence V - G6, = UrnEwBrn . By the 
hypothesis of U again, V - G 6, E ~ , so there exist nEW and a non empty 
open set W C V such that 

(2) W n B n is dense in W. 

Define s = max{l, n}, and pick a point q E (clR W) n Q. Then, by (1) and (2), 
q E (clRAkl) n (clRBn). Since q E clRAkl' 

{q} x Bs(q) C clMxP (U{ {x} x Bs(x) : x E Ak/ }) C clMxpGk · 

On the other hand, since q E clRBn ' 

{q} x Bs(q) C clMxP (U{ {x} x Bs(x) : x E Bn}) c (M x P) - Gk+! . 

This contradicts the fact that clMxpGk C Gk+!. Hence JJ c ~(P), which 
completes the proof. 0 

Corollary 2.8. If A E Ba(M) , then An P E ~(P). 

Proof. Since A E Ba(M) , B = A x P E Ba(M x P). Hence it follows from 
Theorem 2.7 that B6, = A n P E ~(P). 0 

Proof of Theorem 2.5. 

Claim 1. There exists a sequence {Xn} nEw of subsets of P such that Xn 1 0 
and for each nEw and each nonempty open set U of P, Un Xn E ~(P). 

Proof. By Bernstein's theorem (cf. [15, §40]), there exists a partition {Yn}nEw 
of P such that IK n Yn I = c for each nEw and each uncountable closed set 
K of P. Define Xn = Uk>n Yk , nEW. Then, obviously Xn 1 0. For our 
end, let nEw and let U 6e a nonempty open set of P. If Un Xn E ~ , then 
U n Yn E ~ since Yn c X n ' so there exists a sequence {D i} iEw of nowhere 
dense closed subsets of P with U n Yn c UiEW Di · Let E = U - UiEW Di . 
Since U is nonempty open, U E ~ , and hence so is E. Therefore E is an 
uncountable Borel set of P. Hence it follows from [15, §37, Theorem 3] that 
E contains a copy of the Cantor set C. By the property of Yn , I C n Yn I = c, 
while 

a contradiction. 0 

For each nEW, define 

Fn = clMxP (U{ {x} x Bn(x) : x E Xn}) , 

where Bn(x) is the same as in the proof of Theorem 2.7. Then each Fn is 
regular closed in M x P, and it is easily checked that Fn 1 0. To show that 
M x P is not weakly Baire-dominated, let {B n} nEw be a sequence in Ba( M x P) 
such that Fn c Bn for each nEW. We have to prove that nnEw Bn =I- 0. 
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Claim 2. Suppose that X is a subset of P such that for each nonempty open 
set U of P, Un X E ~(P), and B is a Baire set of M x P containing 
{(x,x) :XEX}. Then P-B6 E~(P). 
Proof. By Theorem 2.7, B6 E %b(P). Since X c B6 , Un B6 E ~ for 
each nonempty open set U of P. Hence, by the definition of %b(P) , for each 
nonempty open set U of P, there exists a non empty open set V C U such 
that V - B 6 E ~ . Define 'l/ to be the family of all nonempty open sets V of 
P such that V -B6 E ~,and let W = U{V: V E 'l/}. Then W is open and 
dense in P, so P - W is nowhere dense in P. On the other hand, P being 
hereditarily Lindelof, there exists a countable subfamily {~} iEw of 'l/ with 
W = U iEW ~. Since ~ - B6 E ~, W - B6 = UiEw(~ - B6 ) E ~. Since 
P - B6 C (P - W) U (W - B6 ), P - B6 E ~ , thus proving the claim. 0 

Since {(x ,x) : x E Xn} c Fn c Bn , it follows from Claim 2 that P-(Bn)6 E 
~ . Thus (nnEw Bn) 6 = nnEw(Bn) 6 I=- 0, and hence nnEw Bn I=- 0. The proof 
of Theorem 2.5 is now completed. 0 

The following corollary (to the proof of Theorem 2.5) will be used in §4. 

Corollary 2.9. Suppose that X is a subset of P such that for each nonempty 
openset U ofP, UnXE~(p),andXcAEBa(M). Then P-AE~(P). 
Proof. Apply Claim 2 in the proof of Theorem 2.5 by putting B = A x P . Then 
P - B 6 = P - (A n P) = P - A E ~ (P). 0 

The third example needs Martin's axiom plus the negation of the continuum 
hypothesis, abbreviated as MA + ....,CH , from which c < mr is deduced. Under 
this assumption, there exist many examples of nonparacompact MC spaces. For 
example, every nonmetrizable, normal, Moore space of cardinality ~ c is this 
case (cf. [25, §IV]); however, such a space is countably paracompact by itself. 
Perhaps the most interesting one is the nonnormal space N W" the product of 
co I many copies of a countable discrete space N. It was proved by Fremlin 
in [7] that N W' is MC under MA + ....,CH. The space N W' has the following 
properties: 

Theorem 2.10. For each A > co, N A is weakly cozero-dominated but not Baire-
dominated. 
Proof. If B is a regular closed set or a Baire set of N A , then, by [23, Theorem 
3] and [24, Theorem 2.3], it is a set of the form 7r~I(7rA(B» for some countable 
subset A of A, where 7r A is the projection from N A to N A • Hence the first 
assertion is easily proved. To prove that N A is not Baire-dominated, let 

Fn = {f E N A : for each i ~ n , I {o: E A: f( 0:) = i} I ~ I} 

for each n EN. Then Fn is closed in N A and Fn 1 0. Assume that there 
exists a sequence {Bn}nEN c Ba(NA) such that Fn C Bn and Bn 10. Then 
there exists a countable subset M of A such that for each n EN, Bn = 
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7r~I(7rM(Bn))' If we choose a bijection g: M --+ N, then g EnnEN 7rM(Fn) C 
nnEN 7r M(Bn) , and hence nnEN Bn :j:. 0, which is a contradiction. 0 

We have been unable to decide if N W ' , or more generally N A , is a Marik 
space without MA+--,CH. If regularity of the Borel extension is negligible, then 
we have a much stronger result. To show this, we call a space X a quasi-MarIk 
space if each Baire measure on X admits an extension to a (not necessarily 
regular) Borel measure on X. For a space X, vX denotes the Hewitt real-
compactification of X. 

Theorem 2.11. Assume that X is a quasi-Maflk space and Xc Y c vX. Then 
Y is a quasi-MarIk space. 
Proof. Let fl be a Baire measure on Y. As is well known, every B E Ba(X) 
extends to a unique B V E Ba( vX) in such a manner that if {B n} nEw is disjoint, 
then so is {B~}nEw' Therefore, if we define flx(B) = fl(BunY) for BE Ba(X) , 
then fl x is a Baire measure on X. By the assumption, fl x extends to a Borel 
measure Vx on X. For each A E Bo(Y) , define v(A) = vx(A n X). Then v 
is a Borel extension of fl. 0 

Corollary 2.12. For any family {XJrxEA of metric spaces, the product X 
II E'X is a quasi-MarIk space. In particular, N A is a quasi-Maflk space. 

It A. n 

Proof. Consider a L-product L of X; i.e., define 

L = {f EX: I{o E A: f(o) :j:. g(o)}1 :::; w} eX, 

where g is a fixed point of X. By [26, Theorem 2.2] L is C-embedded in X, 
so X c VL. By [12, Theorem 1] L is normal, and by [6, 5.2.9] L is countably 
paracompact. Consequently, L is a Marik space, and hence it follows from 
Theorem 2.11 that X is a quasi-Marik space. 0 

The following questions remain open. 

Question 2.13. Is Nt, a Marik space for each cardinal A? 
Question 2.14. Is vX a Marik space, whenever X is? 
Question 2.15. Is every quasi-Marik space a Marik space? 

By our results, a positive answer to 2.15 answers 2.14 positively, and a posi-
tive answer to 2.14 answers 2.13 positively. 

3. NON-MARfK SPACES 

In this section, we answer both of the questions D and E negatively. Let 
us begin by making criteria to check that a space is not a quasi-Marik space. 
Some terms and symbols are needed. The continuous extension of f E C* (X) 
over p X is denoted by fP . Clearly, Z (f) = Z (fp) n X. A measure is called 
locally zero if each point has a neighborhood of measure zero. Let fl be a 
Baire measure on X; then flP denotes the Baire measure on p X defined by 



402 HARUTO OHTA AND KEN-ICHI TAMANO 

f.l(B) = fl(BnX) for BE Ba(pX). Define S(flP) = n{Z E Z(PX): flP(Z) = 
flP (P X)} , which is called the support of flP . A space X is called a D-space if 
for each discrete subspace SeX, lSI < mr (cf. [29])_ 

Theorem 3.1. Let fl be a locally zero, Baire measure on a space X with fl(X) > 
O. Assume that there exist Zo = Z(f) E Z(X) such that S(flP) c Z(fP) , a 
continuous map IfI from Zo to a paracompact D-space Y, and an open cover 
V of Y satisfying the following condition: (1) For each V E V, there exists 
BEBa(X) such that 1fI-1(V)CB and fl(B) =0. Then fl cannot be extended 
to any Borel measure on X. 

Proof. Let 57 = {Z E Z(PX): flP(Z) = flP(PX)}. Then Zl ,Z2 E 57 implies 
that Zl nZ2 E 57. Thus, {Z(fp)UZ : Z E 57} is a net. Since S(flP) c Z(fp), 

(2) Z(fp) = n{Z(fp) u Z : Z E 57}. 

Since PX is MC, flP is r-additive. This can be combined with (2) to yield 
that 

flP (Z(fp)) = inf{flP (Z(fp) U Z)} : Z E 57} = flP (PX). 

Hence, fl(Zo) = flP (Z(fp)) = flP (PX) = fl(X) > O. Suppose that there exists a 
Borel extension v of fl. For each A E Bo(Y), define vy(A) = v(IfI-1(A)). By 
condition (1), Vy is a locally zero, Borel measure on Y. It is known [10,7.6 
and 10.2] that every locally zero, Borel measure on a paracompact D-space is 
identically zero. Hence Vy(Y) = 0, while Vy(Y) = v(Zo) = fl(Zo) > 0, which 
is a contradiction. 0 

Recall from [11, 6.5 and 8.7] that for each p E vX, AP = {Z E Z(X): 
p E clpxZ} is an ultrafilter in Z(X) with the countable intersection property. 
Define a map flp:Ba(X)----> {0,1} by flp(B) = 1 if B includes some element 
of AP , and flp(B) = 0 otherwise. Then flp is a Baire measure on X such that 
S(fl:) = {p} (cf. also [10, 8.11]). 

Corollary 3.2. Assume that there exist p E vX - X, Zo E Z(X) with p E 
clpxZo' and a closed, continuous map IfI from Zo to a paracompact D-space 

Y such that p tI. clpxlfl-l(y) for each y E Y. Then X is not a quasi-Maffk 
space. 

Proof. Let flp be the {O, 1 }-valued Baire measure on X defined as above. 
Then S(fl:) = {p} C Z (fP) by our assumption. For each y E Y, choose 
VI' E Coz(PX) such that clpxlfl-l(y) C v" and p tI. clpxV,,· Then, since 
p E clpx(X - v,,), flp(X - v,J = 1, and hence flp(Xnv,,) = O. Since IfI is closed, 
there exists an open neighborhood Vy of y in Y such that 1fI- 1 ( VI') c v". 
Put V = {VI' : y E Y}; then V satisfies the condition (1) in the preceding 
theorem. Hence, flp cannot be extended to any Borel measure on X. 0 
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Corollary 3.3. Assume that there exists Zo E Z(X), which is a paracompact 
D-space as a subspace, such that clpxZo n (uX - X) =f. 0. Then X is not a 
quasi-Maffk space. 
Proof. This follows from Corollary 3.2 if we consider the identity of Zo as 
",. 0 

Remarks 3.4. (1) In 3.1, 3.2, and 3.3, "paracompact D-space" can be weakened 
to a space on which each locally zero, Borel measure is identically zero. Such 
a space was investigated by Gardner [9] and Adamski [1] and is now called a 
weakly Borel measure complete space. It is known that every weakly O-refinable 
D-space is weakly Borel measure complete. For details, see [10]. 

(2) Two typical examples of non-Marik spaces were exhibited by Wheeler in 
[28]; the square S2 of the Sorgenfrey lines under c < mr and the Dieudonne 
Plank D. We can reconfirm that those spaces are not quasi-Marik spaces by use 
of Theorem 3.1 and Corollary 3.3, respectively. 

The following example, which is a cubic deformation of the Dieudonne 
Plank, provides a negative answer to the question D. 

Example 3.5. There exists a countably paracompact space X which is not a 
quasi-Marik space. 
Proof. Step I. Let w2 be the second, uncountable, initial ordinal. Note that 
w 2 =f. w2 ; w 2 denotes the square of w. Define 

A = ((w2 + 1) X (W2 + 1)) - {(W2,W2)} and 
GA(a) = {(ai' a 2 ) E A: a < a, :::; w2 ' i = 1, 2} 

for a E w2 • Then A is wI-compact, i.e., every open cover of cardinality:::; WI 

has a finite subcover, and it is easily checked that each f E C(A) is constant 
on some GA(a). Let us set AD = A X w 2 • For each P E w 2 , there exist 
uniquely n, mEW and i E {O, I} such that P = wn + 2m + i. Let B be the 
quotient space obtained from AD by identifying points (W2' a , wn + 2m) with 
(w2 ' a , wn + 2m + 1) for each a E w 2 and n, mEW, and points (a, w 2 ' wn + 
2m+l) with (a,w2,wn+2m+2) for each aEw2 and n,mEw. Then the 
quotient map ¢: AD -+ B is perfect. For each a E w2 and each nEw, let 

2 G(a) = ¢(G)a) x w) and 
2 2 B(n) = ¢(A x {P E w : wn :::; P < w }). 

In what follows, a subspace S of a space T is said to be normally placed in 
T if for every open set U with S c U , there exists an open set V such that 
S eVe clT V cU. 
Claim 1. For each nEw, B(n) is closed and normally placed in B, B(n+ 1) c 
int8B(n) , and nnEw B(n) = 0. 
Proof. Let U be an open set with B(n) C U, and let 

-I P. = sup(n[AD - ¢ (U)]), 
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where 1t is the projection from Ao to (j}. Since 1t is closed by [6, 3.7.10], 
P. < wn. Define 

v = ¢>[A x {P E w2 : P. + 2 :$ P < w2}] . 

Then V is closed in Band B(n) C intB V eVe U, and hence B(n) IS 

normally placed in B. Other assertions are obvious. 0 

Claim 2. Each f E C(B) is constant on some G(a). 

Proof. For each P E w2 , there exists apE W z such that f 0 ¢> is constant on 
GA(a p) x {P}. Let a = sup{ap : P E wZ}. Then a < Wz and f is constant 
onG(a).D 

Step II. Define C = B x (w + 1) and C" = UnEw(B(n) X {n}) C C. 

Claim 3. The space C is w I-paracompact; i.e., every open cover of cardinality 
:$ WI has a locally finite, open refinement. 
Proof. In [17] Mack proved that the product of an wI-compact space with a 
metric space is wl-paracompact. Hence Aox(w+l) =Ax(wzx(w+I)) is wl-
paracompact. If id is the identity of w + 1 , then ¢> x id is a perfect map from 
Ao x (w + 1) onto C. By [17, Theorem 16] again, C is wl-paracompact. 0 

Claim 4. The set C" is closed and normally placed in C. 
Proof. Since nnEwB(n) = 0, C" is closed in C. Let U be an open set with 
C" c U, and let 1t B : C ...... B denote the projection. For each nEw, since 
B(n) is normally placed in B by Claim I, there exists an open set Vn in B 
such that 

B(n) c Vn C clBVn C intBB(n - I) n 1tB[Un (B x {n})], 

where B(-I) = B. Define V = UnEw(~ X {n}). Then V is open in C and 
C" C V. Since nnEwclB~ c nnEwB(n - I) = 0, cleV cU. 0 

Step III. Let D be the set WI + 1 with the topology obtained from the order 
topology by making all points of WI isolated. Define 

X = (C x D) - ((C - C,,) x {WI})' 

topologized as a subspace of C x D. We show that X is the desired example. 
Let Do = D - {WI}' 

Claim 5. The space X is countably paracompact. 
Proof. Let {Fn} nEw be a sequence of closed sets in X with Fn 1 0. By 
[6, 5.2.1] it suffices to find open sets Wn in X such that Fn c Wn and 
cl x Wn 1 0. In case nnEw clexDFn =1= 0, there exists a closed set FcC with 
nnEw cle x DFn = F x {w I}' Since F n C" = 0 , by Claim 4 there exists an open 
set H c C such that F c H c cleH c C - C". Let E = cleH x Do' Since 
cleH is countably paracompact by Claim 3 and Do is discrete, E is countably 
paracompact. Thus there exist open sets U~ in E such that Fn nEe U~ and 
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clEU~ 10. For each nEW, define Un = U~ n (H X Do)' Then Un is open in 
X and 

(1) 

In case nnEw clCxDFn = 0, define Un = H = 0, nEW. Observe that Un and 
H then also satisfy (1). Next, for each nEw, let F~ = clCxDFn - (H x D) . 
Then F~ is closed in C x D and F~ 10. We show that there exists a sequence 
{Vn} nEw of open sets in C x D satisfying that 

(2) F~ C Vn and clCXD v;, 1 0. 

Since C is countably paracompact, there exist open sets In C C such that 

F~n(Cx{wI})CInx{wI} and clCIn10. 

Define F' = UnEw(F~ - (In X D)). Then F' is closed in C x D and p' n (C x 
{w I}) = 0. For each ~ E Do ' let Je. be the union of all open sets G in C such 
that (Gx (~,wd)nF' = 0, where (~,WI] = {11 ED: ~ < 11::; WI}' Then f = 
{Je. : ~ E Do} is an open cover of C such that Je. C Je. 1 if ~ < ~' . By Claim 3 
and [17, Theorem 5], there exists a locally finite open refinement {Ke. : ~ E Do} 
of f such that clcKe. C Je. for each ~ E Do' Let L = Ue.EDo (Ke. x (~ , WI]) . 
Then L is an open set in C x D such that 

C x {WI} C L C clCxDL C (C x D) - F'. 

Since C x Do is countably paracompact, there exist open sets On C C x Do 
such that 

F~ n (C x Do) C On and clcxDoOn 10. 
For each nEw, let Vn = (In X D) U (On - clCxDL). Then v;, 's are open in 
C x D and satisfy (2). Finally, define Wn = Un U (v;, n X) for each nEW. 
Then Wn is open in X, and it follows from (I) and (2) that Fn C Wn and 
cl x Wn 1 0 , as required. 0 

Recall that X C B x (w + 1) x D. In the rest, we denote a point of X by a 
triplet, such as (b, m, 11), of points of B, W + 1, and D. For each a E w2 ' 

nEw, and ~ E Do ' let 

G(a,n,~) = {(b,m,l1) EX: bE G(a),n < m::; w, ~ < 11::; WI}' 

We add an ideal point Xoo to X, and define a neighborhood base of Xoo by 
{{xoo} U G(a, n,~) : a E w2 ' nEw,~ E Do}' 

Claim 6. The point Xoo is in vX. 
Proof. By [5, 1.16], it suffices to prove that X is C-embedded in Xu {xoo }' 

To do this, let f E C(X). For each n ::; wand each ~ E Do' by Claim 2 there 
exists ane. E w2 such that f takes on the constant value rne. on {(b, n ,~) : b E 

G(ane.)}' Let a* = sup{ane.: n::; w,~ E Do}; then a* < w2 . For each nEw, 
pick bn E G(aJnB(n). Since each G,J in D is open, there exists ~n E Do such 
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that I is constant on {(bn ,n,I1): ~n < 11 ::; WI}. Let ~. = sup{~n : nEw}. 
Then, for each nEW, ~. < ~ < ~' < WI imply that rn~ = rn~1 . We denote this 
constant value by rn. Pick b' E G(a.). Then, for each ~ with ~. < ~ < WI ' 

r w~ = I((b' ,W ,~)) = I Ui..rr~,(b' ,n,~)) 
= lim f((b' ,n ,~)) = lim r , 

n--+oo n--+oo n 

so define r w = limn __ oo rn. Then I((b, n, 11)) = rn whenever b E G(a.), 
n ::; w, and ~. < 11 ::; WI. Extend lover Xu {xoo} by setting f(xoo ) = r w· 

To check that I is continuous at xoo ' let e > O. Then there exists no E W 

such that if n > no' Irn - r wi < e. This implies that if x E G(a., no' ~.), then 
I/(x) - l(xoo)1 < e. Hence I can be extended continuously to xoo. 0 

Claim 7. The space X is not a quasi-Marik space. 
Proof. Let Z = 7C -I (w) , where 7C is the projection from X to W + 1. Then 
Z E Z(X) and Xoo E clpxZ. Define a map 1fI: Z -+ Do by 1fI((b,w,~)) = ~. 

Then IfI is a closed, continuous map, and for each ~ E Do' Xoo ¢. clpxl-I(~), 
since G(O, O,~) n I-I (~) = 0. Clearly Do is a paracompact D-space. Hence 
it follows from Claim 6 and Corollary 3.2 that X is not a quasi-Marik space. 
This completes the whole proof. 0 

We turn to answer question E. By [28, Proposition 4.4], the absolute E(X) 
of a countably paracompact space X is cozero-dominated and hence a Marik 
space. Therefore, Example 3.5 also provides a negative answer to question E. 
Another counterexample is the Dieudonne Plank D. In his earlier paper [27], 
Wheeler proved that E(D) is MC, while D is not a Marik space. However, 
neither example is locally compact. Here we show that the Dieudonne Plank 
can easily be modified to a locally compact space. 

Example 3.6. There exists a locally compact space Y which is not a quasi-Marik 
space, such that E(Y) is co zero-dominated and Me. 
Proof. Let aD = Du {oo} be the one-point compactification of a discrete space 
D of cardinality WI. Define 

Y = (aD x (w + 1)) - {( 00 , w)} . 

Clearly Y is locally compact. Let Z = D x {w}. For each B E Ba( Y) , it can 
easily be checked that either IB n ZI ::; W or IZ - BI ::; w. Define a Baire 
measure 11- on Y by I1-(B) = 0 in the former case and I1-(B) = 1 in the latter 
case. Then there exists y E vY - Y such that S(I1-P) = {y}. Since Z is a 
discrete zero-set with y E clpxZ , it follows from Corollary 3.3 that Y is not a 
quasi-Marik space. To see that E(Y) is cozero-dominated and MC, let X be 
the space defined in the proof of Example 2.4. Then the natural map ¢ : X -+ Y 
collapsing the set (PD-D)x{n} to the point (oo,n) for each nEW is perfect 
irreducible. Thus, by the uniqueness of the absolute, E(X) = E(Y). As we have 



A REGULAR BOREL EXTENSION 407 

proved in 2.4 and 2.5, X is cozero-dominated and MC, and hence so is E(Y) 
by [27, Theorem 2] and [28, Remark 4.3]. 0 

The space If' = N u 9f , described in [11, 51, p. 79], is a locally compact, 
pseudocompact space in which N is dense, and 9f is a discrete zero-set with 
19f1 ::; c. Since all subsets of If' are Borel sets, If' is weakly Borel measure 
complete if c < mr • In [19], Mr6wka proved that 9f can be chosen so that 
IPIf' - If'1 = 1. We use this If' to show that E(Y) need not be a Marik space 
even if Y is. 
Example 3.7. Assume c < mr • Then there exists a pseudocompact, locally 
compact, Marik space Y for which E(Y) is not a quasi-Marik space. 
Proof. Let If' be the space due to Mr6wka stated above, and let PIf' - If' = {p} . 
Define 

S = (PIf' x (w + 1)) - {(p , w)} , 

T = ((WI + 1) x (w + 1)) - {(WI' w)}, 
and X = S EB T, where EB means the topological sum. The desired space 
Y is the quotient space obtained from X by identifying points (p, n) with 
(WI' n) for each nEW. Let ¢ : X ~ Y be the quotient map. Since If' is 
pseudo compact and locally compact, so is Y. First, we show that Y is a Marik 
space. Although the proof is essentially the same as the proof, due to Wheeler 
[28, p. 101], that his space T#D is a Marik space, we do this in detail for the 
convenience of the reader. Observe that IPY - YI = 1, and let pY - Y = {y}. 
Since Y is pseudocompact, pY = vY. Let Il be a Baire measure on Y. We 
have to prove that Il extends to a regular Borel measure. Let 

r = inf{Il(U) : y E UP, U E Coz(Y)} , 

where uP is the unique Baire set of P Y (= v Y) with U = uP n Y . For each 
BE Ba(Y) , define III (B) = r if y E B P , and III (B) = 0 otherwise. Then III 
is a Baire measure on Y. Define 112 = Il - Ill. Then, since inf{1l2 (U): y E 

UP, U E Coz(Y)} = 0, 112 is r-additive by [15, Theorem 2.4], and hence 112 
has a regular Borel extension v2 (see [15, p. 144]). On the other hand, let 

!7 = {¢(E x {w}): E is a closed unbounded set of WI}. 

For each A E Bo(Y) , either A or Y - A contains a set F E !7. Define 
vI (A) = r if A contains a set FE!7, and vI (A) = 0 otherwise. Then vI is 
a regular Borel extension of Ill. Consequently, Il extends to a regular Borel 
measure v = vI + v2 on Y. Hence Y is proved to be a Marik space. Next, 
we show that E(Y) is not a quasi-Marik space. Since ¢ is perfect irreducible, 
E(X) = E(Y), and E(X) = E(S) EB E(T). It is known [22, Theorem 3.3 and 
3, Corollary 4.13] that weakly Borel measure complete spaces are preserved by 
countable unions and perfect preimages. Using these results, we can check that 
E(S) is weakly Borel measure complete. Since X is pseudocompact, so is 
E(X) by [30, Proposition 2.5], and hence PE(X) = vE(X). Consequently, 

clPE(X)E(S) n (vE(X) - E(X)) =1= 0. 
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Hence it follows from Corollary 3.3 and Remark 3.4 that E(X) , and hence 
E(Y), is not a quasi-Marik space. 0 

Remark 3.8. That the space qI is not a quasi-Marik space under c < mr was 
first observed by Adamski in [1]. This provides a negative answer to another 
Wheeler's question [29, Problem 9.16], whether every pseudo compact space is 
a Marik space. The following question is yet unanswered. 

Question 3.9. Is there a pseudocompact space which is not a (quasi-) Marik 
space without assuming c < mr ? 

4. TOPOLOGICAL PROPERTIES OF MARfK SPACES 

Generally speaking, Marik spaces are badly behaved under topological oper-
ations. We can, however, prove a few positive results. We begin by considering 
how Marik spaces are preserved in subspaces. A subset SeX is called a gen-
eralized Baire set if for each open set G with S c G, there exists BE Ba(X) 
such that S c BeG. 

Theorem 4.1. Let X be a Maffk space and Y a Baire-embedded, generalized 
Baire set of X. Then Y is a Maffk space. 

Proof. Let J1 be a Baire measure on Y. For each A E Ba(X) , define J1x(A) = 
J1(A n Y). Then J1x is a Baire measure on X, and hence J1x extends to a 
regular Borel measure v x on X. For each B E Bo( Y) , define 

v(B) = inf{vx(G): Be G,G is open in X}. 

Then, by [10, Proposition 3.6], v is a regular Borel measure on Y. Since Y 
is a Baire-embedded, generalized Baire set, it follows from the next lemma that 
v is an extension of J1. 0 

Lemma 4.2. Let J1 and v be the same as above, and let Y be the generalized 
Baire set. Then, for each A E Ba(X), J1(A n Y) = v(A n Y). 
Proof. Let A E Ba(X). Then 

J1(A n Y) = J1 x(A) = inf{J1 x( U) : A CUE Coz(X)} 

= inf{vx(U) : A CUE Coz(X)} ~ v(A n Y). 

To prove the converse, let e > O. Then there exists Z E Z(X) such that Z c A 
and J1x (A) - e < J1x(Z). For each open set G in X with AnY c G, by the 
condition of Y there exists J E Ba(X) such that Y c J and J n (Z - G) = 0. 
Define Zo = Z n J; then Zo E Ba(X) and Zo c G. Since Zo n Y = Z nY, 

J1x(Z) = J1x(Zo) = vx(Zo) :::; vx(G) , 

so J1(A n Y) - e = J1 x (A) - e < vx(G). Since G and e are arbitrary, it follows 
that J1(A n Y) :::; v(A n Y). 0 

Corollary 4.3. Let X be a Maffk space and Y a cozero-set of X. Then Y is a 
Maffk space. 
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Remarks 4.4. (1) As Wheeler mentioned in [29], the space T#D in [28, p. 101] 
shows that a C -embedded, regular closed subspace of a Marik space need not 
be a Marik space (see also Example 3.7). 

(2) We do not know whether the assumption in Theorem 4.1 that Y is Baire-
embedded can be removed. 

Recall from [2] that a space X is Baire-separated if for each pair F, ' F2 of 
disjoint closed sets, there exists B E Ba(X) such that F, c Band B n F2 = 0. 
All normal spaces are Baire-separated, but the converse is not true. For example, 
the space X defined in the proof of Example 2.3 is certainly the case. The proof 
of the following lemma is left to the reader since it is routine. 

Lemma 4.5. For a space X, the following conditions are equivalent: 
(a) X is Baire-separated. 
(b) For each pair F" F2 of disjoint Fa -sets of X, there exists B E Ba(X) 

such that F, c Band B n F2 = 0 . 
(c) Every Fa -set of X is a generalized Baire set. 
(d) Every Fa -set of X is Baire-embedded in X. 

Theorem 4.6. Let X be a Baire-separated, Mar(k space and Y a generalized 
Baire set of X. Then Y is a Mar(k space. 
Proof. Let J.l be a Baire measure on Y. Let J.l x' v x ' and v be the same as 
in the proof of Theorem 4.1. We have to prove that v is an extension of J.l. 
To do this, let BE Ba(Y). For each i EN, by the regularity of v, there exist 
a closed set Fi and an open set Gi in Y such that Fi c B C Gi and 

(1) v(B) - Iii < v(F) ::; v(Gi) < v(B) + Iii. 

Similarly, we can choose Zi E Z(Y) and Vi E Coz(Y) such that Zi c B C Vi 
and 
( 1') J.l(B) - Iii < J.l(Z) ::; J.l(V) < J.l(B) + Iii. 

We may assume that {Fi} and {ZJ are increasing and {Gi} and {Vi} are 
decreasing. For each i EN, there exist a closed set Ei in X with Ei n Y = 
FiUZi and an open set Hi in X with Hin Y = Gin Vi' Since Y is a generalized 
Baire set, there exists Ji E Ba(X) such that Y c Ji and Ji n (Ei - H j ) = 0. 
Let us set J = njEN J j • Then Y C J E Ba(X) , so J.lx(J) = J.l(Y). For each 
i EN, take Ki E Z(X) such that Ki c J and J.lx(J) - Iii < J.lx(K) , and 
define K = UiEN K j • Then, since J.l x(J - K) = 0, J.l(Y - K) = O. On the other 
hand, since 

lI(Y - K) ::; vx(X - Ki) = J.lx(X - K j ) < Iii 
for each i EN, v(Y - K) = O. Thus 

(2) v(Y-K)=J.l(Y-K)=O. 

Since Ei n K c Hi n K, by Lemma 4.5 there exists Ai E Ba(X) such that 
EinKcAi and A i n(K-Hj )=0. Then,foreach iEN, 

(Fi U Z i) n K c Ai n K nYc (G j n Vi) n K . 
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Define A* = UjEN(ni~j(Ai nK n Y)) and A* = njEN(Ui~j(Ai nK n Y)); then 

(u Fi) n K c A* c A* c (n Gi ) n K . 
lEN lEN 

Since v((UiENF) nK) = v(B) = v((niEN Gi ) nK) by (1) and (2), 

v(B) ~ v(A*) ~ liminfv(Ai nKn Y) 

~ limsupv(Ai n K n Y) ~ v(A*) ~ v(B), 

and hence 
v(B) = lim v(A. n K n Y). 

1-+00 I 

Similarly, 
f.l(B) = lim f.l(A n K n Y) . 

1--+00 I 

Since Ai n K E Ba(X) , it follows from Lemma 4.2 that v(Ai n K n Y) = 
f.l(Ai n K n Y) for each i EN. Consequently, v(B) = f.l(B) , which completes 
the proof. 0 

Corollary 4.7. Let X be a Baire-separated, Mafik space, and let Y be either an 
Fa-set or a Baire set of X. Then Y is a Mafik space. 
Remarks 4.8. (1) In Theorem 4.6, "generalized Baire" cannot be replaced by 
"open." Consider a locally compact, non-MaHk space X (see Example 3.6) as 
a subspace of P X . 

(2) A Baire set of a Baire-separated, Marik space need not be Baire-embed-
ded, so Theorem 4.6 cannot be reduced to Theorem 4.1. To see this, let M 
be the Michael line defined in §2 and P the subspace of irrational numbers. 
Being paracompact, M is a Baire-separated, Marik space, and P E Ba(M). We 
show that P is not Baire-embedded in M. Let {PI ,P2 } be a partition of P 
with the usual topology such that Un Pi E ~(P) for each nonempty open set 
U C P and i = 1 , 2. The existence of such a partition can be shown similarly 
to Claim 1 in the proof of Theorem 2.5. Since P is discrete in M, PI is a 
Baire set of P in M. Suppose that there exists A E Ba(M) with PI = A n P . 
Then, since PI c A, it follows from Corollary 2.9 that P - A E ~ (P). But 
P - A = P2 E ~(P), a contradiction. This also shows that, in Lemma 4.5, 
" Fa -set" cannot be replaced by "Baire-set." 

We now turn to the preservation under taking unions. 

Theorem 4.9. Assume that X = U nEN X n' and each Xn is a Mafik space and is 
a Baire-embedded, generalized Baire set of X. Then X is a Mafik space. 

Proof. Let f.l be a Baire measure on X. For each n E N and each BE Ba(Xn) ' 
define 

f.ln (B) = inf{f.l( U) : B CUE Coz(X)} . 

Since Xn is Baire-embedded, f.l n is a Baire-measure on X n , and hence f.ln 
extends to a regular Borel measure ~n on X n . For each i EN, take Jni E 
Coz(X) such that Xn c Jni and f.l(Jn) < f.ln(Xn) + Iji, and define I n = 
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niEN Jni . Then Xn c I n E Ba(X) and /1(Jn) = /1n(Xn) . For each C E Bo(Jn) , 
define vn(C) = ~n(C n Xn). Then vn is a Borel measure on I n . 
Claim 1. For each A E Ba(X) , vn(A n I n) = /1(A n I n). 
Proof. It is easily checked that vn(A n I n) ~ /1(A n I n) . To prove the converse, 
let e > O. Then there exists V E Coz(X) such that An Xn c V and /1(V) < 
/1n(A n Xn) + e = vn(A n I n) + e. Let W = (A n I n) - V. Then /1(W) = 0 by 
the definition of I n . Since An I n C V u W, /1(A n I n) ~ /1(V U W) = /1(V) , 
and hence /1(A n I n) ~ vn(A n I n). 0 

Claim 2. For each DE Bo(Jn), vn(D) = sup{vn(P) : Pc D and P is.cIosed 
in X}. 
Proof. We first prove that vn is a regular measure on I n . For this end, by [10, 
Proposition 6.2], it suffices to prove that for each open set G in I n , 

vn(G) = sup{vn(H) : H c G and H is closed in I n}. 

Let e > O. Since ~n is regular, there exists a closed set H' in Xn such that 
H' c GnXn and 

(1) 

Since Xn is a generalized Baire set, there exists K E Ba(X) such that Xn c K 
and K n (clxH' - Go) = (2), where Go is an open set in X with Go n I n = G. 
Take Z E Z(X) such that Z c K and /1(K - Z) < ej2, and define H = 
clxH' n Z n I n . Then H is closed in I n and He G. Since H' n Z = H n Xn 
and H' - Z c K - Z , 

~n(H') = ~n(H' n Z) + ~n(H' - Z) 
~ ~n(H n Xn) + /1(K - Z) < vn(H) + ej2. 

(2) 

It follows from (1) and (2) that vn(H) > vn(G) - e. Thus vn is proved to be 
regular. Let DE Bo(Jn) , and let e > 0 again. Since vn is regular, there exists 
a closed set P' in I n such that P' c D and vn(P') > vn(D) - ej2. Take 

, , , j fi " Z EZ(X) such that Z cJn and /1(Jn -Z)<e 2,andde ne P=P nZ. 
Then P is closed in X, P cD, and by Claim 1 

vn(F) ;::: vn(F') - vn(Jn - Z') 
> (vn(D) - ej2) -/1(Jn - Z') > vn(D) - e, 

thus proving the claim. 0 

To complete the proof, let Yn = I n - Ui<n Ji for each i EN. Then X = 
UnEN Yn , Yn E Ba(X) , and Yn n Ym = (2) if n =f. m. For each E E Bo(X) , 
define v(E) = L:nEN vn(E n Yn). Then it follows from Claims 1 and 2 that v 
is a regular Borel extension of /1. 0 

Corollary 4.10. Assume that W is a locally finite cover of a space X by cozero-
sets such that each U E W is a Maflk space and IWI < m,. Then X is a Maflk 
space. 
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Proof. By [21, Theorem 1.2], l?I has a refinement r = Un EN ~ by cozero-
sets such that each ~ = {~ : A E An} is discrete. For each n EN, let 
Xn = UAEAn ~; then X = UnEN Xn and Xn E Coz(X). By Theorem 4.9, it 
suffices to prove that each Xn is a Marik space. For this end, let fl be a Baire 
measure on Xn . Since fl is finite, there exists a countable set MeAn such 
that fl(~) = 0 if A E An -M. Define Yn = UAEM ~. Then Yn E Coz(X) and 
Yn is a Marik space by Theorem 4.9, so flIBa(Yn) extends to a regular Borel 
measure I/n on Yn . Since IAn - MI < mr , fl(Xn - Yn) = O. Consequently, if 
we define I/(B) = I/n(B n Yn) for each BE Bo(Xn) , then 1/ is a regular Borel 
extension of fl. 0 

Corollary 4.11. Assume that X = Un EN Xn is a Baire-separated space, and each 
Xn is a Mar(k space and is either a closed set or a Baire set of X. Then X is 
a Mar(k space. 
Proof. By the proof of Theorem 4.9, it suffices to prove that for each n EN, 
there exist I n E Ba(X) with Xn c I n and a Borel measure I/n on I n satisfying 
the Claims 1 and 2. In case Xn is closed, we can define such I n and I/n quite 
similarly since Xn is then a Baire-embedded, generalized Baire set by Lemma 
4.5. In case Xn E Ba(X) , define I n = Xn . For each i EN, take K j E Z(X) 
such that K j C I n and fl(K) > fl(Jn) - Iii, and define K = UjEN K i . Since 
K is Baire-embedded by Lemma 4.5, it follows from Theorem 4.1 that K is a 
Marik space. Hence, if we consider K instead of Xn , then we can define I/n 
on I n similarly to the proof of Theorem 4.9. 0 

Remarks 4.12. (1) The space Y defined in the proof of Example 3.6 shows that 
the union of two Marik spaces need not be a quasi-Marik space even if one is 
a cozero-set and the other is a zero-set. 

(2) We do not know whether the assumption in Theorem 4.9 that each Xn 
is a generalized Baire set can be removed. The assumption was used only to 
ensure the regularity of the extension 1/. Thus X is a quasi-Marik space even 
if each Xn is only assumed to be Baire-embedded. 

Question 4.13. Let X = YuK be the union ofa Marik space Y with a compact 
space K. Then is X is Marik space? 
Question 4.14. Let X = ED "-EA XI. be the disjoint sum of Marik spaces X,,-, 
A EA. Then is X a Marik space even if IAI is real-valued measurable? 

Finally we are concerned with the preservation under maps and products. 
Examples 3.6 and 3.7 show that the image and the preimage of Marik spaces 
under perfect maps need not be quasi-Marik spaces, respectively. If we make 
some additional assumptions, then Marik spaces are preserved under perfect 
maps. To show this, we need a theorem due to Bachman and Sultan [4]. Before 
stating their theorem, let us agree on some terminology. Let -2'; c 2; be two 
lattices, closed under countable intersections, of subsets of a set X, and let 
.sf (~) denote the smallest algebra containing ~, i = 0, 1 . Then 2; is said 
to be .sf (-2'; )-countably paracompact if An 1 0 in 2; implies the existence of 



A REGULAR BOREL EXTENSION 413 

a sequence {Bn}nEw C Slf(~) such that An C Bn and Bn 1 0. A (finitely 
additive) measure J1. defined on Slf (2;) is called 2;-regular if for each B E 
Slf (2;), J1.(B) = sup{J1.(A) : A c B ,A E 2;} . 

Bachman-Sultan's extension theorem. Let ~ c.2; be the same as above. Then 
every finitely additive, ~ -regular measure J1. defined on Slf (~) can be ex-
tended to a finitely additive, .2;-regular measure v defined on Slf (.2;). IJ .2; 
is Slf (~)-countably paracompact and if J1. is a-additive, then so is v. 

For a space X, Baw(X) (Bow(X)) denotes the smallest algebra containing 
all zero-sets (closed sets) of X. It is well known (cf. [13, 10.36]) that every 
measure J1. defined on Baw(X) (Bow(X)) can be extended to a unique Baire 
(Borel) measure v on X, and if J1. is regular, then so is v. 

Theorem 4.15. Let J be a continuous map from a Mar(k space X onto a space 
Y such thatJor each 2 E 2(X), J(2) E 2(Y), and such thatJor each y E Y, 
f-I(y) is relatively pseudocompact in X; i.e., each g E C(X) is bounded on 
f- I (y). Then Y is a M aflk space. 
Proof. Let J1. be a Baire measure on Y. Define ~ = {f- I (2) : 2 E 2 (Y) } 
and .2; = 2(X). Then ~ c.2; and Slf(~) = {f-I(B) : B E Baw(y)}. 
For each B E Baw(y) , define A(f-I(B)) = J1.(B). Then A is a ~-regular 
measure defined on Slf (~). By the condition of f, it is easily checked that 
.2; is Slf (~)-countably paracompact, and hence it follows from Bachman-
Sultan's theorem that A can be extended to an .2;-regular measure Al defined 
on Slf(.2;) (= Baw(X)). Since Al extends to a Baire measure on X and X 
is a Marik space, A extends to a regular Borel measure ~ on X. For each 
A E Bo(Y) , define v(A) = ~(f-I(A)). Then, since J1.IBaW (Y) = vIBaw(y) , 
J1. = v IBa( Y) , and hence v is a regular Borel extension of J1.. 0 

Corollary 4.16. Let f be an open, perfect map from a Maflk space X onto a 
space Y. Then Y is a Mar(k space. 
Proof. By [8, Lemma 3.4], an open perfect map carries a zero-set to a zero-set. 
Hence this follows from Theorem 4.15. 0 

Theorem 4.17. Let J be a closed, continuous map from a space X onto a Baire-
separated, Mar(k space Y such that for each y E Y, f- I (y) is countably com-
pact. Then X is a Maflk space. 
Proof. Let J1. be a Baire measure on X. We have to prove that J1. admits 
a regular Borel extension. For each B E Ba(Y) , define A(B) = J1.(f-I(B)); 
then A is a Baire measure on Y. Since Y is a Marik space, A extends to 
a regular Borel measure ~ on Y. On the other hand, by Bachman-Sultan's 
theorem, J1.IBaw(X) extends to a finitely additive, regular measure vI defined 
on Bow(X). For each A E BoW(y) , define ~I(A) = vl(f-I(A)). Then ~I is 
regular. We now prove that 

( 1) 
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Since both r; and r;1 are regular, it suffices to show that they coincide on open 
sets. To do this, let G c Y be open and let e > O. Then there exists a closed 
set E c G such that r;(E) > r;(G) - e. Since Y is Baire-separated, there exists 
J E Ba( Y) with E c J c G. Then 

r;(J) = J,(J) = sup{J,(Z) : Z c J, Z E Z(Y)} 
= sup{r;1 (Z) : Z c J, Z E Z(Y)} ~ r;1 (G), 

so r;(G) - e < r;(J) ~ r;1 (G), and hence r;(G) ~ r;1 (G) _ Conversely, let e > 0 
again, and take a closed set Fe G and K E Ba(Y) such that r;1 (F) > r;1 (G)-e 
and F eKe G. Then 

-I -I r;1 (F) = vI (f (F)) ~ inf{vi (V) : f (K) eVE Coz(X)} 

= J.L(f-I(K)) = J,(K) = r;(K) , 

so r;1 (G) - e < r;(K) ~ r;( G) , and hence r;1 (G) ~ r;( G). Thus (1) is proved. To 
see that VI is a-additive, let {Fn} nEw be a sequence of closed sets in X with 
Fn 1 0. By the condition of f, f(Fn) is closed and f(Fn) 1 0. Since r; is 
a-additive, it follows from (1) that 

lim vl(F) ~ lim vl(f-I(f(F ))) = lim r;(f(F)) = 0_ 
n-+oo n n--+oo n n-+oo n 

Consequently, VI is a-additive, and hence VI can be extended to a regular 
Borel measure on X, which is a required extension of J.L. 0 

Corollary 4.18. Let Y be a Baire-separated, Maffk space. Then the absolute 
E( Y) is a Marik space. 

Corollary 4.19. Let X be a Baire-separated, Marik space and Y a compact 
space. Then X x Y is a Maffk space. 

Example 3.7 shows that the assumptions in Theorem 4.17 and Corollary 4.18 
that Y is Baire-separated cannot be removed; however, the following questions 
remain unanswered. 

Questions 4.20. Is the product of a Marik space with a compact space a Marik 
space? More generally, is the preimage of a Marik space under an open, perfect 
map a Marik space? 
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