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ABSTRACT. A completely regular, Hausdorff space X is called a Matik space
if every Baire measure on X admits an extension to a regular Borel measure.
We answer the questions about Mafik spaces asked by Wheeler [29] and study
their topological properties. In particular, we give examples of the following
spaces: A locally compact, measure compact space which is not weakly Baire-
dominated; i.e., it has a sequence F, | & of regular closed sets such that
Nypew Bn # D whenever B, ’s are Baire sets with F;, C By ; a countably para-
compact, non-Mafik space; a locally compact, non-Maiik space X such that
the absolute E(X) is a Marik space; and a locally compact, Marik space X
for which E(X) is not. It is also proved that Michael’s product space is not
weakly Baire-dominated.

1. INTRODUCTION

All spaces are assumed to be completely regular, Hausdorff spaces. Unless
otherwise specified, measures are finite, nonnegative, g-additive measures. A
Baire (Borel) measure on a space X is a measure defined on the o-algebra
Ba(X) of Baire sets (Bo(X) of Borel sets) of X . A (finitely additive) measure
u defined on an algebra ./ containing all closed sets is called regular if for
each 4 € &/, u(A) = sup{u(F): F Cc A, F is closed}. In [29, §9], Wheeler
fully reviewed a number of interesting topics relating to the problem of when
a Baire measure can be extended to a regular Borel measure. In particular, he
defined a space X to be a Marik space if every Baire measure on X admits an
extension to a regular Borel measure, and asked several questions thereupon.

This paper falls into two parts. In the first part, §§2 and 3, we answer some
of his questions. In the second part, §4, we study how Marik spaces are pre-
served under various topological operations. Before stating his questions, we
recall some definitions and show which spaces are Mafik spaces. A countably
paracompact space is a space each of whose countable, open covers has a locally
finite, open refinement. A space X is said to be (weakly) cozero-dominated
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if for each decreasing sequence {F,}, . of (regular) closed sets in X with
Npew F, = D (we write this situation symbolically as F, | &), there exists a
sequence {U,}, ., of cozero-sets in X such that F, C U, foreach n € w
and U, | &. Here, a regular closed set is a set that is the closure of its interior.
If cozero-sets are relaxed to Baire sets, then X is said to be (weakly) Baire-
dominated. A Baire measure u on a space is called t-additive if, whenever a
net {Z } ., of zero-sets decreases to a zero-set Z, u(Z) = inf{u(Z)): a € 4}.
A space X is called measure compact, abbreviated as MC, if every Baire mea-
sure on X is t-additive (cf. [29, §8]). The relationship of these spaces to a
Marik space is summarized as the following:

(1) normal and (2) countably compact
countably paracompact
NS
(3) cozero-dominated
|
(4) Baire-dominated (5) MC
(6) weakly 7N\ Ve
Baire-dominated (7) Marik

The implication (1) — (3) follows from [6, 5.2.2]. (2) — (3) — (4) — (6)
are obvious. (1) — (7) is a classical result of Mafik [18] and is the origin of
the name of a Mafrik space. (3) — (7) was proved by Bachman-Sultan [4], and
(4) — (7) is a recent result of Adamski [2]. (5) — (7) is due to Knowles [15].

Wheeler’s questions which we now answer are the following; in his papers
[28] and [29], the symbol (*),((xx)) was used to denote the property of being
(weakly) cozero-dominated.

A [29, Problem 8.12]. Is there a locally compact, MC space which is not
paracompact?

B [28, Q6]; [29, Problem 9.10]. Is there an MC space which is not (weakly)
cozero-dominated?

C [28, p. 95]. Is Michael’s product space (see §2 below) cozero-dominated
or weakly cozero-dominated?

D [28, Q5]; [29, Problem 9.15]. Is every countably paracompact space a
Mafrik space?

A perfect map is a closed, continuous map such that the inverse image of
each point is compact. A perfect map is called irreducible if it carries a proper
closed subset to a proper subset. A space is called extremally disconnected if the
closure of every open set is open. Each space X is known to be the image of a
unique extremally disconnected space E(X), called the absolute of X , under
a perfect irreducible map. For details, see [31].

E [28, Q7]. Is it true that X is a Mafik space if and only if F(X) is a Mafik
space?

The answers to A and B are positive, and the answers to C, D, and E are
negative.
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From now on, |A4| denotes the cardinality of a set 4. As usual, a cardinal is
the initial ordinal and an ordinal is the set of smaller ordinals. When viewed as
a topological space, a set of ordinals has the order topology. Let w (w,) denote
the first infinite (uncountable) ordinal, and let ¢ = 2”. If « is a cardinal, then
the inequality o < m, means that « is not real-valued measurable. For a space
X, Z(X) (Coz(X)) is the set of all zero-(cozero-)sets of X, C(X) is the
set of all real-valued, continuous functions on X, and C*(X) is the set of all
bounded functions in C(X). A zero-set of the form f _1(0) , where fe C(X),
is denoted by Z(f). The letter N is used for the set of natural numbers.

Our terminology and notation follow [6] and [13]. For recent surveys of
Baire measures and of Borel measures, the reader is referred to [29] and [10],
respectively.

2. MC SPACES WHICH ARE NOT BAIRE-DOMINATED

In this section, we give three examples of MC spaces which are not Baire-
dominated. They have different features; the first one is locally compact and
needs no set theoretic axioms beyond ZFC unlike others; the second one is
Michael’s product space, which is first countable and submetrizable; and the
last one is weakly cozero-dominated. Before proceeding to examples, we show
that a nonnormal space yields a space which is not weakly Baire-dominated.
Recall that a subspace S of a space X is C-embeddedin X if every f € C(S)
can be extended continuously over X .

Theorem 2.1. For each nonnormal space X , there exists a space Y which is not
weakly Baire-dominated and which is the countable union of closed, C-embedded
copies of X . Moreover, if X is locally compact, then sois Y .
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Proof. Let X be a nonnormal space. Then there exists a pair K, L of disjoint
closed sets for which every zero-set containing K meets L. In fact, take disjoint
closed sets K’ and L' which can not be separated by disjoint open sets; then,
if there is Z € Z(X) such that K' ¢ Z and ZNL' =@, then the pair L', Z
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is a desired one. Define Y to be the quotient space obtained from the product
X x w by identifying points (k,2n) with (k,2n + 1) for each kK € K and
n € w, and points (/,2n+ 1) with (/,2n+2) foreach /€ L and n€ w. Let
¢: X Xxw— Y be the quotient map. For each n € w and each 4 C X, let
A(n) = ¢(A4 x {n}) (see Figure 1). Then Y =UJ,., X(n), and each X(n) is
closed, C-embedded in Y, and homeomorphic to X . To prove that Y is not
weakly Baire-dominated, let ¥ ={ZNL:K C Z € Z(X)}. Then ¥ isa filter
base closed under countable intersections. For each n € w and each BC Y,
let B(n) =pn_'(BnL(n)) , where p, is an embedding from X onto X(n). As
usual, SAT=(S-T)U(T-3S).

Claim 1. For each B € Ba(Y) and each 0 < n < w, there exists F € % such
that (B(O)AB(n))NF =J.

Proof. Since B{0)AB(n) C U,_,(B(i)AB(i + 1)), it suffices to prove that for
each i < n, there exists F €. such that (B({)AB(i+1))NF = . In case i

is odd, B{(i)AB(i + 1) = &, so we prove only the case i = 0; other even cases
are similar. Since

S ={SCY:(S(0)AS(1))NnF = for some F € ¥}

is a o-algebra, it is sufficient to show that Z(Y) C .. To do this, let Z =
Z(f)eZ(Y). Define f, = fop, for i=0,1. Since f|K = f|K,

KCZ(fy-1).

Thus, if we set F = Z(f, - f)NL, then F € & . Since (Z(f))AZ(f,))N
Z(fy - f)) =@ and Z({i) = Z(f,)N L, (Z(0)AZ(1))N F = &, and hence
ZeX¥. O

Claim 2. The space Y is not weakly Baire-dominated.

Proof. For each n € w,let D, =J,., X(i). Then D, is regular closed in Y
and D, | &. Assume that there exist B, € Ba(Y) such that D, C B, and
B, | @. For each n € w, by Claim 1, there exists F, € ¥ such that

(B,(O)AB (n+1))NF,=0.

Since L(n+1) c D, Cc B,, B{(n+1) = L, so F, C B, (0), and hence
F,(0) c B, N L(0). Consequently, (,.,B, D N,c, F,(0) # &, which is a
contradiction. [J

Finally, assume that X is locally compact. Since ¢ is a perfect map, it
follows from [6, 3.7.21] that Y is then locally compact. Hence the proof is
complete. O

The following theorem due to Okada-Okazaki [22] shows that, in Theorem
2.1, if X is MC, then so is Y. A subspace S of a space X is said to be
Baire-embedded in X if for each B € Ba(S), there exists 4 € Ba(X) with
B =4nNnS. Every C-embedded subspace is Baire-embedded (cf. [5, 8.7]).
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Okada-Okazaki’s theorem. If X = U, ., X,, and if each X, is MC and is
Baire-embedded in X, then X is MC.

Remark 2.2. If there exists a nonparacompact MC space X, then there exists
a nonnormal MC space. Consider the product of X with its Stone-Cech com-
pactification X . By [20, Theorem 5.3], X x X is MC, while it follows from
[6, 5.1.38] that it is not normal.

The preceding theorems and remark show that a positive answer to the ques-
tion A answers B positively. Thus the following example provides answers to
both of the questions.

Example 2.3. There exists a locally compact, nonnormal, MC space X .

Proof. Let D be a discrete space of cardinality w,. Consider the product
BD x (w+ 1) and its subspace

X =(BDx(w+1))=((BD - D) x{w}).

Clearly X is locally compact. If we set K = (8D —-D)x w and L =D x {w},
then K and L are disjoint closed in X but cannot be separated by disjoint
open sets, and hence X is not normal. Define 7 = Dx(w+1);then X = TUK .
It is easily checked that 7" is MC and is Baire-embedded in X . On the other
hand, being g-compact, K is also MC and is Baire-embedded in X by [5,
9.11]. Hence it follows from Okada-Okazaki’s theorem that X is MC. O

Remarks 2.4. The space X defined above itself is cozero-dominated. To see
this, let {Fn}ne » D€ a sequence of closed sets in X such that F, | @. Since
each fDx{m}, m € w, is compact, we may assume that F, N(fDx{m}) =0
if m <n. For each n € w, define

anFnu< U (ﬁDx{m})).

n<m<w
Then G, € Coz(X), F, C G,, and G, | @. The construction of X was
inspired by the argument used by Kato in the proof of his theorem [14, Theorem
I].

The second example is Michael’s product space M x P. The letters R, O,
and P are used to denote the real numbers, rational numbers, and irrational
numbers, respectively, and, unless otherwise stated, are assumed to have the
usual topologies inherited from R. The Michael line M is the set R topol-
ogized by isolating the points of P and leaving the points of Q with their
usual neighborhoods. As was proved by Michael (cf. [6, 5.1.32]), M x P is not
normal. On the other hand, Moran proved in [20] that M x P is MC when
¢ < m,. Therefore, by Theorem 2.1, we can make from M x P an MC space
which is not weakly Baire-dominated. Here, in response to the question C, we
prove the following theorem:

Theorem 2.5. Michael’s product space M x P is not weakly Baire-dominated.

The proof is rather difficult and requires the following two theorems, which
may be of some interest in their own right. For a space X , let %|(X) (%,(X))
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denote the family of all subsets of first (second) category in X, and define
%,(X) to be the family of all subsets 4 of X satisfying that every nonempty
open set U in X contains a nonempty open subset V' such that VN A4 or
V —4 isin %] (X). When no confusion can arise, we shall write Z, instead of
Z(X), i=0,1,2.

Theorem 2.6. If X is a hereditarily Lindeldf space, then %,(X) is a o-algebra.
Proof. Since VN(X —A4) =V -4 and V-(X-4) =VnNA, 4¢€ %
implies X — A4 € E%. To complete the proof, suppose that {An}new C ?j) is
given, and let 4 = |, ., 4,. To show that 4 € %, fix any nonempty open
set U in X . We have to prove that there exists a nonempty open set V C U
such that ¥ NA €% or V-4de %1 . If there exists a nonempty open set
V-.C U such that V — 4, € % for some n € w, then V' — 4 € % since
V—ACV~-A4,. So suppose that for each n € w and each nonempty open
set VC U, V-4, €%. Then, since 4, € %,, each nonempty open set
V' C U has a nonempty open subset W such that W n A, € & . For each
n € w, define 7, to be the family of all nonempty open sets W C U such that
WnA,e% ,andlet W ={W :W e%,}. Then W, is dense in U, and
hence U — W, € % . On the other hand, X being hereditarily Lindeldf, there
exists a countable subfamily {W, } _  of 7, with W, = U,,W, . Since
each W, N4, isin &, W,NnA, =U,,W,,Nn4,) €% . Thus Un4, is
contained in the union of two sets U—W, and W,NA4, in & ,so UNA, € % .
Consequently, Un4=,.,(UNA,) €% , which completes the proof. O

new

Foreach A C M x P, define 4, ={x€P:(x,x)€A}.

Theorem 2.7. If B € Ba(M x P), then B, € €,(P).

Proof. By the preceding theorem %,(P) is a o-algebra. Since {B,: B €
Ba(M x P)} is a o-algebra generated by a family & = {G, : G € Coz(M x P)},
it suffices to prove that % C %(P) . Suppose not, and let G, € &—%(P). Then
there exists a nonempty open set U of P such that for each nonempty open set
VcU,VnG,e? and V-G, €%, . Since G is a cozero-set, there exists
an increasing sequence {G,},, C Coz(M x P) such that ¢l ,G, C G
i€w,and G=J,,G.. Foreach i, € w, define

i+1?
IEw

A, ={x€UNG,:{x}xB,(x)CG},

where B;(x) = {veP:|lx-yl< 1/2’} . If xe UnG, , then, since (x,x) € G,
{x} x B, (x) C G, for some /,j € w, s0 x € 4;;. Hence UNG, = Ui.jewAU.
By the hypothesis of U, UNG, € %,, so there exist k,/ € w such that
A, € @’3 Therefore, there exists a nonempty open set V' C U such that

(1) VN4, isdensein V.

Fix such k, [/, V, and define

B,={xeV -G, :({x}xB, (x))NG, , =}
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foreach mew. If x eV -G, , then, since (x,x) ¢ G, ({x} x B, (X))N
G, =9 for some m e w, so x € B, . Hence V -G, =UmeBm. By the
hypothesis of U again, V' — G, € %,, so there exist n € w and a nonempty

open set W C V' such that
(2) WnNnB, isdensein W.

Define s = max{/,n}, and pick a point g € (cl,W)NnQ. Then, by (1) and (2),
q € (clgd,,)N(clzB,). Since g €clz4,,,

{a} x By(a) c ol p (JUx} x B(x) s x € 4,,}) el G,
On the other hand, since g € cl;B, ,

{a} x B,(@) € clyop (JUxY X By(x) 1 X €B,}) C (M x P) = G,

This contradicts the fact that cl,, .G, C G, , . Hence & C % (P), which
completes the proof. O

Corollary 2.8. If A € Ba(M), then ANP € Z(P).

Proof. Since A € Ba(M), B = A x P € Ba(M x P). Hence it follows from
Theorem 2.7 that B, = ANP €%, (P). O

Proof of Theorem 2.5.

Claim 1. There exists a sequence {X,}, _, of subsets of P such that X, | ©
and for each n € w and each nonempty open set U of P, UNX, € %, (P).

Proof. By Bernstein’s theorem (ct. [15, §40]), there exists a partition {Yn}new
of P such that [KNY,|=c for each n € @ and each uncountable closed set
K of P. Define X, =J,,Y,, n € w. Then, obviously X, | &. For our
end, let n € w and let U be a nonempty open set of P. If UN X, € €, , then
uny, € %l since Y, C X, , so there exists a sequence {DI.}I.e ., Of nowhere
dense closed subsets of P with UNY, C U, D,- Let E =U—-U,,D,-
Since U is nonempty open, U € %, , and hence so is E. Therefore E is an
uncountable Borel set of P. Hence it follows from [15, §37, Theorem 3] that
E contains a copy of the Cantor set C. By the propertyof Y,, |[CNY, |=c¢,

while
CnY,cUny,)-|JD,c <UD1.) ~ (UD,) =0,
IEw IEw IEw

a contradiction. O

For each n € w, define

F,=cl, (U{{x} X B, (x):x€ Xn}) ,

where B, (x) is the same as in the proof of Theorem 2.7. Then each F, is
regular closed in M x P, and it is easily checked that F, | &. To show that
M x P is not weakly Baire-dominated, let {B,}, . beasequencein Ba(M x P)
such that F, C B, for each n € w. We have to prove that Nyeow B, 9.

new
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Claim 2. Suppose that X is a subset of P such that for each nonempty open
set U of P, UNX € &(P), and B is a Baire set of M x P containing
{(x,x):x€ X}. Then P—- B, € €,(P).

Proof. By Theorem 2.7, B, € %,(P). Since X ¢ B,, UnB, € %, for
each nonempty open set U of P. Hence, by the definition of %(P) , for each
nonempty open set U of P, there exists a nonempty open set V' C U such
that V- B, € &, . Define Z” to be the family of all nonempty open sets V' of
P suchthat V-B, €% ,andlet W =J{V:V €7}. Then W is open and
dense in P, so P — W is nowhere dense in P. On the other hand, P being
hereditarily Lindelof, there exists a countable subfamily {V;},., of 7" with
W =Ueg,V, - Since V,-B, €%, W~-B, =U,,(V;-B,) €% . Since
P-B,Cc(P-W)uW - B A)s P B, e % thus proving the claim. O

Since {(x,x):x€ X,} C F, C B,, it follows from Claim 2 that P—(B,), €
%, . Thus (N, B)a = Nyew(B,)a # D, and hence N, ., B, # @ . The proof
of Theorem 2.5 is now completed. O

new

The following corollary (to the proof of Theorem 2.5) will be used in §4.

Corollary 2.9. Suppose that X is a subset of P such that for each nonempty
openset U of P, UNX € &,(P), and X C A€ Ba(M). Then P—A e %,(P).
Proof. Apply Claim 2 in the proof of Theorem 2.5 by putting B = 4x P . Then
P-B,=P-(ANP)=P-A€%/(P). O

The third example needs Martin’s axiom plus the negation of the continuum
hypothesis, abbreviated as MA + -~CH, from which ¢ < m, is deduced. Under
this assumption, there exist many examples of nonparacompact MC spaces. For
example, every nonmetrizable, normal, Moore space of cardinality < ¢ is this
case (cf. [25, §IV]); however, such a space is countably paracompact by itself.
Perhaps the most interesting one is the nonnormal space N“', the product of
w, many copies of a countable discrete space N . It was proved by Fremlin
in [7] that N“' is MC under MA + -CH. The space N“' has the following
properties:

Theorem 2.10. For each i > w, N* is weakly cozero-dominated but not Baire-
dominated.

Proof. If B is a regular closed set or a Baire set of N* , then, by [23, Theorem
3] and [24, Theorem 2.3], it is a set of the form nxl(nA(B)) for some countable
subset A of 4, where =m, is the projection from N* to N*. Hence the first
assertion is easily proved. To prove that N* is not Baire-dominated, let

—{feN foreach i <n,|{a€l: f(a)=i}| <1}

for each n € N. Then F, is closed in N* and F, | ©. Assume that there

exists a sequence {B,} ., C Ba(N ) such that F, C B, and B, | @. Then
there exists a countable subset M of A such that for each n e N, B, =
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n;l'(nM(Bn)). If we choose a bijection g: M — N, then g€,y 7\ (F,)C
Nnen T (B,) , and hence N, .y B, # &, which is a contradiction. O

We have been unable to decide if N”', or more generally N”, is a Mafik
space without MA+-CH . If regularity of the Borel extension is negligible, then
we have a much stronger result. To show this, we call a space X a quasi-Marik
space if each Baire measure on X admits an extension to a (not necessarily
regular) Borel measure on X . For a space X, vX denotes the Hewitt real-
compactification of X .

Theorem 2.11. Assume that X is a quasi-Maiik space and X C Y c vX. Then
Y is a quasi-Marik space.

Proof. Let u be a Baire measure on Y . As is well known, every B € Ba(X)
extends to a unique B” € Ba(v.X) in such a manner that if {B,},c., 1s disjoint,
thensois {B,},_, . Therefore, if we define u,(B) = u(B"'nY) for B € Ba(X),
then u, is a Baire measure on X . By the assumption, u, extends to a Borel
measure v, on X . For each 4 € Bo(Y), define v(4) =v,(4NnX). Then v
is a Borel extension of u. O

Corollary 2.12. For any family {X } .

. . .. . A . . v,
Il ., X, isaquasi-Mafik space. In particular, N* is a quasi-Mafik space.

Proof. Consider a X-product £ of X ;i.e., define
L={feX:{a€l: fla)#gla)}| <w}CX,

where g is a fixed point of X . By [26, Theorem 2.2] £ is C-embedded in X,
so X C vX. By [12, Theorem 1] X is normal, and by [6, 5.2.9] X is countably
paracompact. Consequently, X is a Marik space, and hence it follows from
Theorem 2.11 that X 1is a quasi-Marik space. 0O

., of metric spaces, the product X =

The following questions remain open.

Question 2.13. Is N* a Marik space for each cardinal A?
Question 2.14. Is v X a Marik space, whenever X is?
Question 2.15. Is every quasi-Mafik space a Mafik space?

By our results, a positive answer to 2.15 answers 2.14 positively, and a posi-
tive answer to 2.14 answers 2.13 positively.

3. NON-MARIK SPACES

In this section, we answer both of the questions D and E negatively. Let
us begin by making criteria to check that a space is not a quasi-Mafik space.
Some terms and symbols are needed. The continuous extension of f € C*(X)
over X is denoted by 1~ Clearly, Z(f) = Z(fﬁ) N X . A measure is called
locally zero if each point has a neighborhood of measure zero. Let u be a
Baire measure on X ; then ,uB denotes the Baire measure on fX defined by
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,uﬂ(B) = u(BNX) for B € Ba(fX). Define S(uﬂ) =W{ZeZ(pX): ,uﬂ(Z) =
uﬂ (BX)}, which is called the support of ,u/g . A space X is called a D-space if
for each discrete subspace S C X, [S| <m, (cf. [29]).

Theorem 3.1. Let u be a locally zero, Baire measure on a space X with u(X) >
0. Assume that there exist Z, = Z(f) € Z(X) such that S(ﬂﬂ) C Z(fﬂ), a
continuous map ¥ from Z, to a paracompact D-space Y, and an open cover
% of Y satisfying the following condition: (1) For each U € % , there exists
B € Ba(X) such that l//"'(U) C B and u(B)=0. Then u cannot be extended
to any Borel measure on X .

Proof. Let ¥ ={Z € Z(pX): 4 (Z) = u”(BX)}. Then Z,,Z, € 5 implies
that Z,nZ, € % . Thus, {Z(f*)UZ : Z € #} isanet. Since S(u’) c Z(f*),

(2) z(" =Nz yvz:ze>}.

Since fX is MC, uﬂ is 7-additive. This can be combined with (2) to yield
that

bz =intlbz(PHyuz)yze sy =i (Bx

wA(Z(f7) =inf{u (Z(f)UZ)}: Z e} = (BX).

Hence, u(Z,) = uﬂ(Z(fﬂ)) = u"}(,b’X) = u(X) > 0. Suppose that there exists a
Borel extension v of u. Foreach 4 € Bo(Y), define v, (4) = I/(l//_l(A)). By
condition (1), v, is a locally zero, Borel measure on Y. It is known [10, 7.6
and 10.2] that every locally zero, Borel measure on a paracompact D-space is
identically zero. Hence v, (Y) = 0, while v, (Y) = v(Z,) = u(Z,) > 0, which
is a contradiction. O

Recall from [11, 6.5 and 8.7] that for each p € vX, 4’ = {Z € Z(X):
p ecl 5 vZ} is an ultrafilter in Z(X) with the countable intersection property.
Define a map 1, :Ba(X) — {0,1} by 1,(B) =1 if B includes some element
of A7 and yp(B) = 0 otherwise. Then 1, is a Baire measure on X such that

S(ul) = {p} (cf. also [10, 8.11).

Corollary 3.2. Assume that there exist p € vX — X, Z, € Z(X) with p €
clyyZy, and a closed, continuous map y from Z, to a paracompact D-space
Y such that p ¢ cl/} Xt//"l(y) for each y € Y. Then X is not a quasi-Marik
space.

Proof. Let 1, be the {0, 1}-valued Baire measure on X defined as above.
Then S(#f) = {p} C Z(fﬂ) by our assumption. For each y € Y, choose
V, € Coz(BX) such that clﬂ‘,(y/—l(y) C V, and p ¢ cl;yV . Then, since

pecly (X=V), u(X-V,)=1,and hence“up(XnVy) =0. Since v is closed,
there exists an open neighborhood U, of y in Y such that t//_l(U‘,) cV,.
Put Z = {U, :y € Y}; then Z satisfies the condition (1) in the preceding
theorem. Hence, M, cannot be extended to any Borel measure on X'. 0O
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Corollary 3.3. Assume that there exists Z, € Z(X), which is a paracompact
D-space as a subspace, such that clﬂ vZoN (X = X) # . Then X is not a
quasi-Marik space.

Proof. This follows from Corollary 3.2 if we consider the identity of Z, as
v. O

Remarks 3.4. (1) In 3.1, 3.2, and 3.3, “paracompact D-space” can be weakened
to a space on which each locally zero, Borel measure is identically zero. Such
a space was investigated by Gardner [9] and Adamski [1] and is now called a
weakly Borel measure complete space. It is known that every weakly 6-refinable
D-space is weakly Borel measure complete. For details, see [10].

(2) Two typical examples of non-Mafik spaces were exhibited by Wheeler in
[28]; the square S? of the Sorgenfrey lines under ¢ < m, and the Dieudonné
Plank D. We can reconfirm that those spaces are not quasi-Mafik spaces by use
of Theorem 3.1 and Corollary 3.3, respectively.

The following example, which is a cubic deformation of the Dieudonné
Plank, provides a negative answer to the question D.

Example 3.5. There exists a countably paracompact space X which is not a
quasi-Matik space.

Proof. Step 1. Let w, be the second, uncountable, initial ordinal. Note that
w, # w? : w’ denotes the square of w . Define

A= ((w, +1)x (0, + 1)) - {(w,,w,)} and

G,()={(a,0,)ed:a<a,fw,, i=1,2}
for a € w,. Then A4 is w -compact, i.e., every open cover of cardinality < w,
has a finite subcover, and it is easily checked that each f € C(A4) is constant
on some G, (a). Let usset A5 = A4 x w?. For each B e w’, there exist
uniquely n,m € w and i € {0,1} such that f =wn+2m+i. Let B be the
quotient space obtained from A4 by identifying points (w,,a,wn+2m) with
(w,,a,wn+2m+1) foreach o € w, and n,m € w, and points (a,w,,wn+
2m+1) with (a,w,,wn+2m+2) foreach o € w, and n,m € w. Then the
quotient map ¢ : A5 — B is perfect. For each « € w, and each n € w, let

G(a) = (G (@) x w’) and
Bn)=¢pAx{few ion<f<w’}).

In what follows, a subspace S of a space T is said to be normally placed in
T if for every open set U with S C U, there exists an open set ' such that
ScVce,VcU.

Claim 1. Foreach n € w, B(n) isclosed and normally placed in B, B(n+1) C
intzB(n), and N, B(n)=92.
Proof. Let U be an open set with B(n) C U, and let

B, = sup(n[A; -6 (U)]),
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where 7 is the projection from A5 to w’. Since 7 is closed by [6, 3.7.10],
B, < wn. Define

V=¢[Ax{ﬂew2:B*+2§,6‘<w2}].

Then V is closed in B and B(n) C intyV C V C U, and hence B(n) is
normally placed in B . Other assertions are obvious. O
Claim 2. Each f € C(B) is constant on some G(a).
Proof. For each B € w?®, there exists « 5 €0, such that f o ¢ is constant on

(ag) x {B}. Let o =sup{ay: B € a)z}. Then o < w, and f is constant
on G(a). O

Step II. Define C = B x (w+1) and Cy =, (B(n) x {n}) C C.
Claim 3. The space C is w -paracompact; i.e., every open cover of cardinality
< w, has a locally finite, open refinement.
Proof. In [17] Mack proved that the product of an w,-compact space with a
metric space is ,-paracompact. Hence A x(w+1) = Ax(a)zx(w+l)) is w,-

paracompact. If id is the identity of w+ 1, then ¢ xid is a perfect map from
Ag x (w+1) onto C. By [17, Theorem 16] again, C is w,-paracompact. O

Claim 4. The set Cg is closed and normally placed in C.

Proof. Since ﬂnEwB(n @, Cg, isclosed in C. Let U be an open set with
C, C U, and let ny, : C — B denote the projection. For each n € w, since
B(n) is normally placed in B by Claim 1, there exists an open set V, in B
such that

B(n)cV, CclyV, CintgB(n—1)Nn [UN(B x {n})],

where B(—1) = B. Define V =J (V x {n}). Then V isopen in C and
C, C V. Since N, clgV, CN -1)=0,c.VcU. O

Step III. Let D be the set w, + 1 with the topology obtained from the order
topology by making all points of @, isolated. Define

=(CxD)—((C-Cy) x{aw}),

topologized as a subspace of C x D. We show that X is the desired example.
Let Dy =D —{w,}.

new

new nEw

Claim 5. The space X is countably paracompact.

Proof. Let {F,},c, b€ a sequence of closed sets in X with F, | &. By
[6, 5.2.1] it suffices to find open sets W, in X such that F, C W, and
c, W, 1 @. Incase N, CleypF, # 9, there exists a closed set F C C with
ﬂnew cleypF, = Fx{w,}. Since FNC, = J, by Claim 4 there exists an open
set H c C such that FCHCCI HCC Cy. Let E=cl.H x D,. Since
cl.H is countably paracompact by Claim 3 and D0 is discrete, E is countably
paracompact. Thus there exist open sets U’ in E such that F,NE C U, and
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cl,U | @. Foreach n € w, define U, = U, N(H x D,). Then U, is open in
X and

(1) F,N(HxDy)CU, and ¢, U, |D.

In case (¢, CleypF, =@, define U, =H =0, n€ w. Observe that U, and
H then also satisfy (1). Next, for each n € w, let F, =cl. ,F, — (H x D).
Then F,: is closed in C x D and F,: | & . We show that there exists a sequence

{V,} e Of opensetsin C x D satisfying that

(2) F cV, and c.,V, |2

CxD
Since C is countably paracompact, there exist open sets /, C C such that

F,:r‘l(Cx{a)l})CInx{wl} and cl./, | D.

Define F' = Unew(F,: —(,xD)). Then F' isclosed in C x D and F'n(C x
{w,})=9. Foreach ¢ € Dy, let J. be the union of all open sets G in C such
that (Gx (&, 0, )NF' =@, where (¢,w,]={neD:E<n<w}. Then £ =
{Jé :£ € D,} is an open cover of C such that Jé cJ. if & <& . By Claim 3
and [17, Theorem 5], there exists a locally finite open refinement {K, : ¢ € Dy}
of # such that cI.K. C J; foreach £ € D;. Let L = UéeDo(Ké x (¢, w]).
Then L is an open set in C x D such that

Cx{w}cLcc. ,Lc(CxD)-F.

Since C x D, is countably paracompact, there exist open sets O, C C x D,
such that

F,n(CxDy)CO, and cl.,,0,1@.
Foreach ne€ w, let V, = (I, x D)U (0, —cl., ,L). Then V, ’s are open in
C x D and satisfy (2). Finally, define W, = U, U(V, N X) for each n € w.
Then W, is open in X, and it follows from (1) and (2) that F, C W, and
cl W, | @, asrequired. O

Recall that X € B x (w + 1) x D. In the rest, we denote a point of X by a
triplet, such as (b,m,n), of points of B, w+ 1, and D. For each a € w,,
new,and ¢ €Dy, let

Gla,n,&)={(b.m,neX:beGla),n<m<w,<n<w}.

We add an ideal point x_ to X, and define a neighborhood base of x_ by
{x JuGla,nl):acw,,n€w,l€Dy}.

Claim 6. The point x_ isin vX .

Proof. By [5, 1.16], it suffices to prove that X is C-embedded in X U {x_}.
To do this, let f € C(X). For each n < w and each ¢ € D, by Claim 2 there
exists a,. € w, such that f takes on the constant value r . on {(b,n,&):be
G(ang)}' Let a, = sup{a"é :n<w,; €Dy} then a, < w,. Foreach n € w,
pick b, € G(a,)NB(n). Since each G, in D is open, there exists ¢, € D, such
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that f is constant on {(b,,n,n): ¢, <n < w,}. Let & =sup{¢, : n € w}.
Then, foreach ncw, &, <& < &< w, imply that Foe = Tyer - We denote this
constant value by r, . Pick b e G(a,). Then, for each { with { << w,,

e = (B 0,8) = f (lim (6',n,))
= lim f((b",n,8) = lim 7,

so define r, = lim,_ _r, . Then f((b,n,n)) = r, whenever b € G(a,),
n<w,and {, <n<ow, . Extend f over XU{x_} by setting f(x_)=r,.
To check that f is continuous at x__, let ¢ > 0. Then there exists Ny € @
such that if n > n;, |r, —r, | <e&. This implies that if x € G(e,,n,,¢,), then

|f(x)— f(x,, )]l <é&. Hence f can be extended continuously to x_ . O
Claim 7. The space X is not a quasi-Mafik space.

Proof. Let Z = n_l(w), where 7 is the projection from X to w+ 1. Then
ZeZ(X) and x_ € clﬂXZ. Defineamap v :Z — D; by y((b,w,{))=¢.

Then y is a closed, continuous map, and for each { € D, x_ ¢ cl Bx f _l(é) ,

since G(0,0,&)N f "l(é) = . Clearly D, is a paracompact D-space. Hence
it follows from Claim 6 and Corollary 3.2 that X is not a quasi-Marik space.
This completes the whole proof. 0O

We turn to answer question E. By [28, Proposition 4.4], the absolute E(X)
of a countably paracompact space X is cozero-dominated and hence a Marik
space. Therefore, Example 3.5 also provides a negative answer to question E.
Another counterexample is the Dieudonné Plank D . In his earlier paper [27],
Wheeler proved that E(D) is MC, while D is not a Mafik space. However,
neither example is locally compact. Here we show that the Dieudonné Plank
can easily be modified to a locally compact space.

Example 3.6. There exists a locally compact space Y which is not a quasi-Marik
space, such that E(Y) is cozero-dominated and MC.

Proof. Let aD = DU{oo} be the one-point compactification of a discrete space
D of cardinality w,. Define

Y =(aD x (w+1))—{(c0,w)}.

Clearly Y is locally compact. Let Z = D x {w}. For each B € Ba(Y), it can
easily be checked that either |[BNZ| < w or |Z — B| £ w. Define a Baire
measure 4 on Y by u(B) =0 in the former case and u(B) = 1 in the latter
case. Then there exists y € vY — Y such that S(uﬁ) = {y}. Since Z is a
discrete zero-set with y € cl s vZ , it follows from Corollary 3.3 that Y is not a
quasi-Mafik space. To see that E(Y) is cozero-dominated and MC, let X be
the space defined in the proof of Example 2.4. Then the naturalmap ¢: X — Y
collapsing the set (8D —D)x{n} to the point (co,n) for each n € w is perfect
irreducible. Thus, by the uniqueness of the absolute, E(X) = E(Y). As we have
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proved in 2.4 and 2.5, X is cozero-dominated and MC, and hence so is E(Y)
by [27, Theorem 2] and [28, Remark 4.3]. O

The space ¥ = N UZ, described in [11, 51, p. 79], is a locally compact,
pseudocompact space in which N is dense, and % is a discrete zero-set with
|#Z| < ¢. Since all subsets of ¥ are Borel sets, ¥ is weakly Borel measure
complete if ¢ < m,. In [19], Mrowka proved that # can be chosen so that
|fY —¥| = 1. We use this ¥ to show that E(Y) need not be a Mafik space
even if Y is.

Example 3.7. Assume ¢ < m, . Then there exists a pseudocompact, locally
compact, Mafik space Y for which E(Y) is not a quasi-Mafik space.

Proof. Let ¥ be the space due to Mréwka stated above, and let f¥-Y¥ = {p}.

Define
S=B¥*x(w+1))-{(p,0)},
T=(w+1)x(@+1)-{(0,w)},
and X = S & T, where & means the topological sum. The desired space
Y 1is the quotient space obtained from X by identifying points (p,n) with
(w,,n) for each n € w. Let ¢ : X — Y be the quotient map. Since ¥ is
pseudocompact and locally compact, so is Y . First, we show that Y is a Marik
space. Although the proof is essentially the same as the proof, due to Wheeler
[28, p. 101], that his space T#D is a Mafik space, we do this in detail for the
convenience of the reader. Observe that |fY —Y|=1,andlet fY - Y = {y}.
Since Y is pseudocompact, fY = vY . Let u be a Baire measure on Y. We
have to prove that u extends to a regular Borel measure. Let

r=inf{u(U):y e U’ ,U e Coz(Y)},

where U” is the unique Baire set of fY (=vY) with U=U Y. For each
B € Ba(Y), define u (B)=r if y € B” | and u,(B) = 0 otherwise. Then u,
is a Baire measure on Y. Define u, = 4 — u, . Then, since inf{u,(U):y €
vhue Coz(Y)} = 0, u, is t-additive by [15, Theorem 2.4], and hence u,
has a regular Borel extension v, (see [15, p. 144]). On the other hand, let

F ={¢(E x {w}) : E is a closed unbounded set of w, }.

For each 4 € Bo(Y), either 4 or Y — A contains a set F € % . Define
v,(4) = r if A contains aset F € ¥, and v,(4) = 0 otherwise. Then v, is
a regular Borel extension of u,. Consequently, u extends to a regular Borel
measure v = v, +v, on Y. Hence Y is proved to be a Mafik space. Next,
we show that E(Y) is not a quasi-Mafik space. Since ¢ is perfect irreducible,
E(X)=E(Y),and E(X) = E(S)® E(T). It is known [22, Theorem 3.3 and
3, Corollary 4.13] that weakly Borel measure complete spaces are preserved by
countable unions and perfect preimages. Using these results, we can check that
E(S) is weakly Borel measure complete. Since X is pseudocompact, so is
E(X) by [30, Proposition 2.5], and hence SE(X) =vE(X). Consequently,

clyp o E(S) NWE(X) - E(X)) # ©.
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Hence it follows from Corollary 3.3 and Remark 3.4 that E(X), and hence
E(Y), is not a quasi-Mafik space. O

Remark 3.8. That the space ¥ is not a quasi-Mafik space under ¢ < m, was
first observed by Adamski in [1]. This provides a negative answer to another
Wheeler’s question [29, Problem 9.16], whether every pseudocompact space is
a Mafik space. The following question is yet unanswered.

Question 3.9. Is there a pseudocompact space which is not a (quasi-) Marik
space without assuming ¢ < m, ?

4. TOPOLOGICAL PROPERTIES OF MARIK SPACES

Generally speaking, Mafik spaces are badly behaved under topological oper-
ations. We can, however, prove a few positive results. We begin by considering
how Marik spaces are preserved in subspaces. A subset S C X is called a gen-
eralized Baire set if for each open set G with S C G, there exists B € Ba(X)
such that SC BCG.

Theorem 4.1. Let X be a Marik space and Y a Baire-embedded, generalized
Baire set of X . Then Y is a Marik space.

Proof. Let u be a Baire measure on Y . For each 4 € Ba(X), define u,(4) =
u(ANY). Then u, is a Baire measure on X, and hence u, extends to a
regular Borel measure v, on X . For each B € Bo(Y), define

v(B) =inf{v,(G): BC G,Gisopenin X}.

Then, by [10, Proposition 3.6], v is a regular Borel measure on Y. Since Y
is a Baire-embedded, generalized Baire set, it follows from the next lemma that
v is an extension of . O

Lemma 4.2. Let u and v be the same as above, and let Y be the generalized
Baire set. Then, for each A € Ba(X), u(ANnY)=v(4ANY).
Proof. Let 4 € Ba(X). Then
wANY) = puy(A) =inf{u,(U): 4 C U € Coz(X)}

=inf{r, (U): ACUe€Coz(X)} 2v(4NY).
To prove the converse, let ¢ > 0. Then there exists Z € Z(X) such that Z C 4
and u,(A)-¢& < uy(Z). For each open set G in X with ANY C G, by the
condition of Y there exists J € Ba(.X) suchthat Y C J and JN(Z-G) =Y.
Define Z,=ZnJ;then Z,e€Ba(X) and Z,C G. Since Z,NY=2NY,

,HX(Z) = ﬂ,\'(zo) = V‘x'(Zo) < VX(G) >
so u(ANY)—e=u,(4)—-¢<v,(G). Since G and ¢ are arbitrary, it follows
that u(ANY)<v(4NnY). O

Corollary 4.3. Let X be a Marik space and Y a cozero-set of X . Then Y isa
Marik space.
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Remarks 4.4. (1) As Wheeler mentioned in [29], the space T#D in [28, p. 101]
shows that a C-embedded, regular closed subspace of a Mafik space need not
be a Mafik space (see also Example 3.7).

(2) We do not know whether the assumption in Theorem 4.1 that Y is Baire-
embedded can be removed.

Recall from [2] that a space X is Baire-separated if for each pair F,, F, of
disjoint closed sets, there exists B € Ba(X) such that F| C B and BNF, =J.
All normal spaces are Baire-separated, but the converse is not true. For example,
the space X defined in the proof of Example 2.3 is certainly the case. The proof
of the following lemma is left to the reader since it is routine.

Lemma 4.5. For a space X , the following conditions are equivalent:

(a) X is Baire-separated.

(b) For each pair F,, F, of disjoint F_-sets of X, there exists B € Ba(X)
such that F, C B and BNF,=3.

(c) Every F_-set of X is a generalized Baire set.

(d) Every F -set of X is Baire-embedded in X .

Theorem 4.6. Let X be a Baire-separated, Marik space and Y a generalized
Baire set of X. Then Y is a Marik space.

Proof. Let u be a Baire measure on Y. Let u,, v,, and v be the same as
in the proof of Theorem 4.1. We have to prove that v is an extension of u.
To do this, let B € Ba(Y). For each i € N, by the regularity of v, there exist
a closed set F; and an open set G, in Y such that F, C B C G, and

(1) v(B) - 1/i <v(F)<v(G,) <v(B)+1/i.

Similarly, we can choose Z, € Z(Y) and U, € Coz(Y) such that Z, C BC U,
and
(1) W(B) ~1/i < u(Z,) < w(U) < p(B) +1/i.
We may assume that {F;} and {Z,} are increasing and {G,;} and {U,} are
decreasing. For each / € N, there exist a closed set E, in X with E,NY =
F,UZ and anopenset H, in X with HNY = G,NU,. Since Y isa generalized
Baire set, there exists J, € Ba(X) such that ¥ C J, and J,N(E, - H) = O.
Letusset J ={),.yJ,. Then Y C J € Ba(X), so puy(J) = u(Y). For each
i € N, take K, € Z(X) such that K, C J and u,(J) - 1/i < u,(K,), and
define K = ., K, . Then, since u,(J—-K)=0, u(Y —K)=0. On the other
hand, since

v(Y =K)Sv (X -K)=pu, (X -K)<1/i
foreach ie N, v(Y — K)=0. Thus
(2) v(Y - K)=u(Y -K)=0.

Since E,NK C H.NK, by Lemma 4.5 there exists 4, € Ba(X) such that
E.NKCA, and 4,N(K — H;)=. Then, for each i€ N,

(FUZ)NKCANKNY C(GNU)NK.
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Define 4, =U,y(N;»,(4,nKNY)) and A" =,y(U;>;(4,nKNY)); then

(UF,.)OKCA*CA*C (ﬂ Gl)nK.

iEN iEN
Since v((U,cy F))NK) =v(B) =v((N,ey G;)NK) by (1) and (2),
v(B) <v(A4,) <liminfr(4,NnKNY)
<limsupr(4,NKNY)< v(A4") <v(B),

and hence
v(B) = lim v(4,NKNY).
11— 00

Similarly,
u(B) = lim u(4,NKNY).
—00

Since 4, N K € Ba(X), it follows from Lemma 4.2 that v(4, NKNY) =
u(4,NnKnNY) for each i € N. Consequently, v(B) = u(B), which completes
the proof. O

Corollary 4.7. Let X be a Baire-separated, Ma¥Fik space, and let Y be either an
F_-set or a Baire set of X . Then Y is a Maiik space.

Remarks 4.8. (1) In Theorem 4.6, “generalized Baire” cannot be replaced by
“open.” Consider a locally compact, non-Mafik space X (see Example 3.6) as
a subspace of X .

(2) A Baire set of a Baire-separated, Mafik space need not be Baire-embed-
ded, so Theorem 4.6 cannot be reduced to Theorem 4.1. To see this, let A/
be the Michael line defined in §2 and P the subspace of irrational numbers.
Being paracompact, M is a Baire-separated, Matik space, and P € Ba(M). We
show that P is not Baire-embedded in M . Let {P,,P,} be a partition of P
with the usual topology such that U N P, € &,(P) for each nonempty open set
UcCP and i =1,2. The existence of such a partition can be shown similarly
to Claim 1 in the proof of Theorem 2.5. Since P is discrete in M, P, is a
Baire set of P in M . Suppose that there exists 4 € Ba(M) with P, =ANP.
Then, since P, C 4, it follows from Corollary 2.9 that P — 4 € % (P). But
P — A4 = P, € €/(P), a contradiction. This also shows that, in Lemma 4.5,
“ F_-set” cannot be replaced by “Baire-set.”

We now turn to the preservation under taking unions.

Theorem 4.9. Assume that X =J, .y X, , and each X, is a Marik space and is
a Baire-embedded, generalized Baire set of X . Then X is a Marik space.

Proof. Let u be a Baire measure on X . Foreach n € N andeach B € Ba(X,),
define

u,(B) =inf{u(U): B c U € Coz(X)}.
Since X, is Baire-embedded, 4, is a Baire-measure on X, , and hence u,
extends to a regular Borel measure {, on X,. For each i € N, take J , €
Coz(X) such that X, C J,, and u(J,;) < u,(X,) + 1/i, and define J, =
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Nien J,i- Then X, C J € Ba(X) and u(J,) = u,(X,). Foreach C € Bo(J,),
define v, (C)=¢, (CNX,). Then v, is a Borel measure on J, .

Claim 1. For each 4 € Ba(X), v,(ANJ,)=u(4ANJ,).

Proof. Tt is easily checked that v,(4NJ,) < u(ANnJ,). To prove the converse,
let ¢ > 0. Then there exists V' € Coz(X) such that AN X, C V and u(V) <
u,(AnX,)+e=v,(ANJ)+e. Let W=(AnJ,)~V. Then u(W) =20 by
the definition of J, . Since ANJ, CVUW, u(AnJ)<u(VUW)=pul),
and hence u(ANnJ,)<v,(4AnJ,). O

Claim 2. For each D € Bo(J,), v,(D) =sup{v,(F): F C D and F is closed
in X}.

Proof. We first prove that v, is a regular measure on J, . For this end, by [10,
Proposition 6.2], it suffices to prove that for each open set G in J, ,

v,(G) =sup{v,(H): H C G and H is closed in J, }.

Let ¢ > 0. Since ¢, is regular, there exists a closed set H' in X, such that
H cGn X, and

(1) E(H)>E(GNX,) —¢e/2=1,(G)—¢/2.

Since X, is a generalized Baire set, there exists K € Ba(X) such that X, C K
and KN (chH' - G,) =0, where G is an open set in X with G,NJ, =G.
Take Z € Z(X) such that Z ¢ K and u(K — Z) < ¢/2, and define H =
cl,HNZNJ . Then H isclosedin J, and HC G. Since HNZ =HNX,
and H -ZcK-2Z,

EMHN=E(HNZ)+¢E(H - 2Z)
<CHNX)+uK-Z)<v,(H)+¢/2.
It follows from (1) and (2) that v,(H) > v,(G) — ¢. Thus v, is proved to be
regular. Let D € Bo(J,), and let ¢ > 0 again. Since v, is regular, there exists
a closed set F’' in J, such that F' ¢ D and Vn(F') > v, (D) —¢/2. Take
Z'€Z(X) suchthat Z' c J, and u(J,—Z')<¢/2,and define F =F'nZ'.
Then F isclosedin X, F c D, and by Claim 1
v, (F) 2 v (F')-v,(J,-Z')
> (v, (D) —¢/2) — u(J, - Z") > v, (D) —¢,

thus proving the claim. O

(2)

To complete the proof, let Y, = J, —U,_,J; foreach i € N. Then X =
Usen Y,» Y, €Ba(X),and Y, nY, =0 if n# m. For each E € Bo(X),
define v(E) = v v,(ENY,). Then it follows from Claims 1 and 2 that v

is a regular Borel extension of y. O

Corollary 4.10. Assume that 7 is a locally finite cover of a space X by cozero-
sets such that each U € 7 is a Ma¥ik space and |%| < m,. Then X is a Marik
space.
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Proof. By [21, Theorem 1.2], # has a refinement 7” = {J, .y 7, by cozero-
sets such that each 7, = {V, : A € A} is discrete. For each n e N, let
X, = Uea, Vi then X = UneN X, and X, € Coz(X). By Theorem 4.9, it
suffices to prove that each X, is a Mafik space. For this end, let x4 be a Baire
measure on X, . Since u is finite, there exists a countable set M C A, such
that u(V)) = O if Ae A, — M. Define Y, =U,.,, V,. Then Y, € Coz(X) and
Y, isa Marlk space by Theorem 4.9, so u|Ba(Y,) extends to a regular Borel
measure v, on Y, . Since |A, - M| <m,, ,u(Xn —Y,) = 0. Consequently, if
we define v(B) =v,(BNY,) foreach B € Bo(X,), then v is a regular Borel
extension of x. 0O

Corollary 4.11. Assume that X =, en X, isa Baire-separated space, and each
X, is a Maiik space and is either a closed set or a Baire set of X. Then X is
a Marik space.

Proof. By the proof of Theorem 4.9, it suffices to prove that for each n € N,
there exist J, € Ba(X) with X, C J, and a Borel measure v, on J, satisfying
the Claims 1 and 2. In case X, is closed, we can define such J, and v, quite
similarly since X, is then a Baire-embedded, generalized Baire set by Lemma
4.5. In case X, € Ba(X), define J, = X, . Foreach i € N, take K, € Z(X)
such that K, C J, and u(K;) > u(J,) — 1/i, and define K = |J,_, K. Since
K is Baire-embedded by Lemma 4.5, it follows from Theorem 4.1 that K is a
Mafrik space. Hence, if we consider K instead of X, , then we can define v,
on J, similarly to the proof of Theorem 4.9. O

Remarks 4.12. (1) The space Y defined in the proof of Example 3.6 shows that
the union of two Mafik spaces need not be a quasi-Mafik space even if one is
a cozero-set and the other is a zero-set.

(2) We do not know whether the assumption in Theorem 4.9 that each X,
is a generalized Baire set can be removed. The assumption was used only to
ensure the regularity of the extension v . Thus X is a quasi-Mafik space even
if each X, is only assumed to be Baire-embedded.

Question 4.13. Let X = YUK be the union of a Marik space Y with a compact
space K. Then is X is Mafik space?

Question 4.14. Let X = @,., X, be the disjoint sum of Marik spaces X,
A€ A. Thenis X a Marik space even if |A| is real-valued measurable?

Finally we are concerned with the preservation under maps and products.
Examples 3.6 and 3.7 show that the image and the preimage of Mafik spaces
under perfect maps need not be quasi-Marik spaces, respectively. If we make
some additional assumptions, then Mafik spaces are preserved under perfect
maps. To show this, we need a theorem due to Bachman and Sultan [4]. Before
stating their theorem, let us agree on some terminology. Let .#] C £, be two
lattices, closed under countable intersections, of subsets of a set X, and let
&/ () denote the smallest algebra containing .2/, i = 0,1. Then .7} is said
to be &7 (Z])-countably paracompact if A, | @ in .7, implies the existence of
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a sequence {B,}, ., C & () such that 4, C B, and B, | &. A (finitely
additive) measure u defined on &/ (%)) is called £ -regular if for each B €
S (L), u(B)=sup{u(d): ACB, AL}

Bachman-Sultan’s extension theorem. Let £ C ., be the same as above. Then
every finitely additive, £ -regular measure u defined on &/ (Z]) can be ex-
tended to a finitely additive, Z,-regular measure v defined on & (£). If Z,
is &/ (Z£)-countably paracompact and if u is o-additive, then so is v .

For a space X, Ba”(X) (Bo”(X)) denotes the smallest algebra containing
all zero-sets (closed sets) of X . It is well known (cf. [13, 10.36]) that every
measure u defined on Ba”(X) (Bo“(X)) can be extended to a unique Baire
(Borel) measure v on X, and if u is regular, then sois v .

Theorem 4.15. Let f be a continuous map from a Marik space X onto a space
Y such that for each Z € Z(X), f(Z)e Z(Y), and such that for each y € Y,
f _'(y) is relatively pseudocompact in X ; i.e., each g € C(X) is bounded on
f_l(y). Then Y is a Marik space.

Proof. Let u be a Baire measure on Y. Define . = {f_l(Z) :Z e Z(Y)}
and . = Z(X). Then £ Cc &£ and &/ (&) = {f~"(B) : B € Ba”(Y)}.
For each B € Ba”(Y), define l(f"l(B)) = u(B). Then A is a .7 -regular
measure defined on .2/ (Z]). By the condition of f, it is easily checked that
<, is &/ (Z])-countably paracompact, and hence it follows from Bachman-
Sultan’s theorem that A can be extended to an .%)-regular measure A, defined
on &/ (%) (=Ba®(X)). Since A, extends to a Baire measure on X and X
is a Marik space, A extends to a regular Borel measure £ on X . For each
A € Bo(Y), define v(4) = &(f~'(A4)). Then, since u|Ba“(Y) = v|Ba®(Y),
u=v|Ba(Y), and hence v is a regular Borel extension of u. O

Corollary 4.16. Let f be an open, perfect map from a Marik space X onto a
space Y . Then Y is a Marik space.

Proof. By [8, Lemma 3.4], an open perfect map carries a zero-set to a zero-set.
Hence this follows from Theorem 4.15. O

Theorem 4.17. Let f be a closed, continuous map from a space X onto a Baire-
separated, Marik space Y such that for each ye Y, [ ‘l(y) is countably com-
pact. Then X is a Marik space.

Proof. Let u be a Baire measure on X . We have to prove that u admits
a regular Borel extension. For each B € Ba(Y), define A(B) = ﬂ(f—l(B));
then A is a Baire measure on Y. Since Y 1is a Mafik space, 4 extends to
a regular Borel measure £ on Y. On the other hand, by Bachman-Sultan’s
theorem, u|Ba”(X) extends to a finitely additive, regular measure v, defined
on Bo”(X). For each 4 € Bo”(Y), define & (4) = v,(f~'(4)). Then &, is
regular. We now prove that

(1) £ = [Bo”(Y).
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Since both ¢ and ¢, are regular, it suffices to show that they coincide on open
sets. To do this, let G C Y be open and let ¢ > 0. Then there exists a closed
set E C G such that &(E) > &(G) —¢. Since Y is Baire-separated, there exists
JeBa(Y) with EC J C G. Then
E)=AJ)=sup{AM(Z):ZC J,ZecZ(Y)}
=sup{¢,(Z£):ZCJ,ZeZ(Y)} <¢/(G),

so £(G) — & <¢(J) <¢,(G), and hence {(G) < ¢ (G). Conversely, let ¢ > 0
again, and take a closed set F C G and K € Ba(Y) such that & (F) > ¢, (G)—¢
and FC K C G. Then

&((F) =v,(f'(F)) <inf{w,(V): 7 (K) C V € Coz(X)}

w(f”(K)) = A(K) = E(K),

0 ¢,(G) — & <¢(K) <&(G), and hence ¢ (G) < ¢(G). Thus (1) is proved. To
see that v, is g-additive, let {F,} . be a sequence of closed sets in X with
F, | @. By the condition of f, f(F,) is closed and f(F,) | @. Since ¢ is
o-additive, it follows from (1) that

lim v,(F,) < lim v, (/" (f(F,))) = lim &(/(F,)) =0,

h— oo

I

Consequently, v, is g-additive, and hence v, can be extended to a regular
Borel measure on X , which is a required extension of u. O

Corollary 4.18. Let Y be a Baire-separated, MaFik space. Then the absolute
E(Y) is a Marik space.

Corollary 4.19. Let X be a Baire-separated, Marik space and Y a compact
space. Then X x Y is a Marik space.

Example 3.7 shows that the assumptions in Theorem 4.17 and Corollary 4.18
that Y is Baire-separated cannot be removed; however, the following questions
remain unanswered.

Questions 4.20. Is the product of a Mafik space with a compact space a Mafik
space? More generally, is the preimage of a Matik space under an open, perfect
map a Marik space?
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